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Test particle simulation is a useful method for studying both linear and nonlinear wave-particle
interactions in the magnetosphere. The gyro-averaged equations of particle motion for first-order
and other cyclotron harmonic resonances with oblique whistler-mode waves were first derived by
Bell [J. Geophys. Res. 89, 905 (1984)] and the most recent relativistic form was given by Ginet and
Albert [Phys. Fluids B 3, 2994 (1991)], and Bortnik [Ph.D. thesis (Stanford University, 2004), p.
40]. However, recently we found there was a (—1)171 term difference between their formulas of
perpendicular motion for the /th-order resonance. This article presents the detailed derivation pro-
cess of the generalized resonance formulas, and suggests a check of the signs for self-consistency,
which is independent of the choice of conventions, that is, the energy variation equation resulting
from the momentum equations should not contain any wave magnetic components, simply because
the magnetic field does not contribute to changes of particle energy. In addition, we show that the
wave centripetal force, which was considered small and was neglect in previous studies of nonlin-
ear interactions, has a profound time derivative and can significantly enhance electron phase trap-
ping especially in high frequency waves. This force can also bounce the low pitch angle particles
out of the loss cone. We justify both the sign problem and the missing wave centripetal force by
demonstrating wave-particle interaction examples, and comparing the gyro-averaged particle

motion to the full particle motion under the Lorentz force. © 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4914852]

I. INTRODUCTION

Relativistic electrons trapped in the Earth’s magnetic
field constitute the outer radiation belt which is highly
dynamic.* Recent measurements from the Van Allen Probes
have shown that the 2.5 MeV electron flux increased by ~4
orders of magnitude within 1 day during a geomagnetic
storm, suggesting that these electrons are heated by internal
acceleration in the heart of the outer radiation belt, i.e., reso-
nant interactions with various naturally occurring magneto-
spheric Very Low Frequency waves.”® Quasi-linear theory
has been widely used to study the effects of resonant interac-
tions.””'* However, the quasilinear approach inherently
neglects nonlinear effects arising from the interactions
between radiation belt electrons and various magnetospheric
waves, and these nonlinear effects have been studied using
test-particle simulations.'*"”

The motion of charged particles in an electromagnetic
field is governed by the Lorentz force, and thus can be
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modeled by integrating the Lorentz equation directly.'® But
it is often more instructive and computationally economical
to gyro-average the equations so that numerical integration
can proceed on time scales comparable to the gyro-period.
The gyro-averaged formulas for Landau resonant interac-
tions between non-relativistic electrons and obliquely propa-
gating whistler-mode waves were first given by Inan and
Tkalcevic.'” Then, this approach was applied by Bell' to
model first-order cyclotron resonant interactions, and was
generalized to arbitrary harmonic resonance in a phase trap-
ping study. The relativistic interaction formulas for arbitrary
harmonic resonances with oblique waves were derived by
Ginet and Albert®> and Bortnik,’ and have been applied to
many studies using test particle simulations.?*>2

Recently, however, we found that a (—1)171 factor dif-
ference in the perpendicular motion for the /th order har-
monic resonance between the formulas given by Bortnik>2°
and by Ginet and Albert,” and the resultant particle perpen-
dicular motions calculated by their formulas behave differ-
ently for Landau and other even-order resonances. We point
out that Bortnik’s formulas are not self-consistent because
they do not meet the simple criteria that the consequent

© 2015 AIP Publishing LLC
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energy equation should not contain the contribution of the
wave magnetic components.

In addition, we suggest that the interaction phase varia-
tion should include a centripetal acceleration force term
caused by the wave. Although it is a small term, it possesses
a profound time derivative and offers an additional “driving
force” for phase trapping motion, causing much more elec-
trons stably trapped in resonance. With a p, factor in the de-
nominator, the centripetal force can also bounce the small
pitch angle particles out of the loss cone.

In Sec. II, we describe the whistler-mode wave model
and present the detailed derivation process of gyro-averaged
motion equations for resonant interactions of a general har-
monic between electrons and oblique whistler-mode waves.
In Sec. III, we check the generalized resonance formulas
developed by Bell' and Bortnik® by transforming to their
conventions, and justify the sign correction of their formulas
for test particle simulations. Finally, in Sec. IV, we show
that the wave centripetal force plays an important role in par-
ticle non-linear motions via enhancing phase trapping and
bouncing low pitch angle electrons out of loss cone, and thus
should be taken into account in the resonance formulas.

Il. GYRO-AVERAGED MOTION FOR RESONANT
INTERACTION

A. Whistler-mode wave model

We choose a Cartesian coordinate system in which the z
axis is oriented along the background magnetic field line.
The magnetic and electric fields of a monochromatic
whistler-mode wave that propagates in the x—z plane at an
angle s with respect to the z axis, as shown in Fig. 1 are writ-
ten as

B" =B}®  EY=Eje?, (1)
where ® = wt — fk -dr is the wave phase, and the wave
normal vector is given as k= (ki, 0, k), where K
= ksiny and k| = kcosy. The relative ratios of the wave
components can be obtained according to the cold plasma

z
A Bo T

Y
=

FIG. 1. The geometry of wave propagation and electron perpendicular mo-
mentump .
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dispersion relation,® which is a reasonable assumption for
whistler mode waves in the Earth’s inner magnetosphere.”*
In the rational form, the magnetic and electric fields of a
whistler-mode plasma wave are given by

B" =eBY cos® + eyB;” sin® + e.B) cos D, (2a)
E" =eE} sin® + eyE;” cos® + e.EY sin . (2b)

Given the total magnetic wave amplitude B}, the compo-
nents of Efj and By are as follows:
EY =1"(S — 1) (P — i’ sin’y), (3a)
Ey = I"D(P — i’ sin*yy), (3b)
EY = —I"p cos Y siny (S — u?), (3¢)
B" = —I"Dcosy(P — 1 sin®y)u/c, (3d)
BY =1"Pcosy(S — /e, (3e)
BY =I"Dsiny(P — 1% sin®y)u/c, (30)
where
I Bio @

u \/D2 (P — 12 sinzl,b)2 + P2cosy(S — ,uz)2

Here P, S, and D are the usual Stix parameters,23 and u
= kc/w is the refractive index. The wave model described
above takes a most conventional form, which is different
from related literature,1_3’19’25’26 where various kinds of con-
ventions of {y and @, and positive direction of z axis, parallel
wave vector number k|, and parallel particle momentum pj
were defined.

B. Particle adiabatic motion in (e, e, €)) coordinates

The force experienced by an electron moving in an elec-
tromagnetic field is described by the Lorentz equation,

p=—clE+ P2 xB+B)|. )

ym

Here, p represents the momentum of the particle, m its rest
mass, e the elementary charge, y = /1 + p?/m?c? the rela-
tivistic factor, B the ambient magnetic field, and the electric
and magnetic waves are expressed in Eq. (2). Although we
can directly integrate the Lorentz equation using standard or-
dinary differential equation integrators, it is often more con-
venient to solve the particle motion in a gyro-averaged sense
so that numerical integration can proceed on a time scale
comparable to the gyro-period. In the rotating coordinate
system, the Lorentz force (5) can be decomposed in three or-
thogonal directions as

p” = —e |:Ew + £ X (BM + B):| - €, (63.)
'))l’l’l

pL=—e [EW + P By B)} e, (6b)
ym
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po=—e|E" + 2 < (B" £ B)| -ep. (6¢)

Here, p| and p, represents the particle parallel and perpen-
dicular momentum, respectively, and p, represents the cen-
tripetal force that causes the particle gyro-motion. The
elementary vector e points towards the particle momentum,
and ey points to the guiding-center, as illustrated in Figure 2.
Applying the identities e, X p = p_ ey, €, X p = —p| €y, and
e X p =p|eL — p.e., together with (A x B) - C = (C x A)
-B, the electron motion in each direction can be expressed as

pj=—¢E"-e.— TL(B" £ B) ey, (7a)
ym
PLB" +B) - e, (7b)

m:—eEWeﬁ/

L (B"+B)-e

. w e
po=—cE"- (
! ym

B" +B) - eL+ m
(7¢)

We first gyro-average the particle adiabatic motions caused
by the “mirror” force of the ambient magnetic field B, which
can be decomposed as B = Be. + B to first order. Here, B
represents the magnetic magnitude, and the perpendicular
component B can be Taylor expanded as

B 1 = €y

B B
—psin@—e)a—pcosf), 8)
dy

Ox
where the particle gyro-phase 0 is defined as the angle
between the x axis and the perpendicular momentum p ,
and p =p, /eB represents the particle gyro-radius. Here,
we have dropped the second order term of € ~ p/Rg, where
Rg is the radius of the Earth. This approach neglects the
curvature and perpendicular gradient of the background
magnetic field, and therefore the particle drifting motion is
also neglected. Using Eq. (8) and the fact that ey
= (—sin 0e, + cos Oe,), we obtain

FIG. 2. The geometry of oblique whistler-mode wave phase and electron
momentum phase. The wave phase for Bg, B;, Eg, and E;, are
D, —®, ® — 7/2, and /2 — @, respectively.
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OB

B-e= —a—psmzﬁ—a—pcosze. 9)
Gyro-averaging the above expression and applying Gauss’s
theorem V - B = 0 yields

P 5‘B

(B-eo) =352

(10)

where the angle bracket () represents the averaging operation
over the gyro-motion. Similarly, the fact that e,
= (cos Oe, + sin Oe,) yields

(B-eL>=0.

The resultant components of the adiabatic motion in three
directions are

1 p? OB
'ad L
=L 11
Pi 2Bym Oz’ (11a)
. 1 pip| OB
ad
=2 11b
L 2B ym 0z’ (11b)
.a eB
Py =—p.. (11c)
ym

C. Particle motion under resonant interactions

To apply gyro-averaging, the perpendicular electric and
magnetic waves are decomposed into two circularly polar-
ized components with opposite senses of rotation, and the
wave components are expressed as

Br = Bgle,cos ® + e, sin @], (12a)
B, = B.le,cos ® — e, sin D], (12b)
B. = Ble.cos D, (12¢)
Er = Egle,sin® — e, cos @], (12d)
E, = E_[e,sin® + e, cos D], (12e)
E. =Ee.sin®, (12f)

where Br= (B +B)/2, By=(B!—B)/2.Er=(E} ~E})/2,
and E;=(EY+E}’)/2. The particle motion modulated by the
wave is

Pl = —¢E.-e. — 7L (B +By) - ey, (13a)
ym
Pl =—e(Eg+E.) e +/_H(BR+BL)'e0, (13b)
- ep w
pG :—e(ER+EL) eg—’y—H(BR-l-BL) eL+V—B
(13c¢)

Through Figure 2, which shows the phase geometry of wave
electric and magnetic components, and of electron perpen-
dicular momentum as well, we can obtain

15|V|V = —¢E’sin® — erL [BR sin(® — 0) — By sin(® + 9)]7
ym

(14a)
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pl = —eEg sin(® — 0) — eE; sin(® + 0)

—i—/—H [Bg sin(® — 0) — B, sin(® + 0)], (14b)
Py = €ER cos(® — 0) — eEp cos(® + 0)
o il (B cos(® — 0) + By cos(® + 0)]
(14c)

+ —B“ cos .
ym

The wave phase at the position of the electron can be
expressed as

O =wt — JkHUHdt — ﬁsin 0, (15)

where § =k, p, /eB, and the f§sin 0 term comes from & x in
our definition of ® in Eq. (1). Using the well-known Bessel
function identity,

o0

> (e, (16)

I=—00

ei/)’sm 0 _

where J, represents the Bessel function of the first type with
the argument f3, we obtain

sin® = §Re{ _iei(")’—fkuvudt—[i sin 9) }

.Ei ((J)f*\]’l kH l/‘Hd[)

= §Re{—l
= io:fi(ﬁ

I=—00

ZOC: J/(ﬁ)e_”g}

I=—00

) sin, a7

where Re represents the real part, and
n, = wt — Jk\\”\ldt —10 (18)

represent a wave-particle interaction phase. Similarly, we
have

sin(® — nb) Z Ji_n(B) sinyy, (19a)
I=—00

cos(® — n0) Z Ji—n(P) cosn;. (19b)
I=—00

Usually, the integration of sin#; and cos#; over time aver-
ages to zero, except in the case of di;/dt = 0 or

w — k”U” = la)a,/y, (20)
where . = eB/m is the non-relativistic electron gyro-
frequency in the background magnetic field, 7y =

1+ (p/mc)?
describes the /th-order cyclotron resonance condition, indi-
cating that the Doppler shifted wave frequency observed by
the particle is equal to the /th harmonic of the electron gyro-
frequency, where / = 0 represents Landau resonance.
The wave modulation on particle motion near the /th-
order resonance becomes

the relativistic factor. The above equation

Phys. Plasmas 22, 052902 (2015)

pl =Fjsiny, pY =F]sinn, pj=—Fjcosn, (2la)
where
F‘T = —€|:E?’J[+pJ_BRJ[] —‘DJ‘BLJ/+1:|’ (223_)
ym ym

F| =—e |:ERJ11 +ErJi —/—B rJI-1 +V i BLJI+1]
(22b)

w P
Fy=—e {ERJZ_I — Epdiy — y—r‘,‘lBRh_l
) (22¢)
- A B + .

The relation between F)' and F' is simplified in the
Appendix with details, and is expressed as
lwce

lw,.
Y =F)/ =Fy < ta, 23
L I vkjvL I Yo — lwee cotx 23)

where the pitch angle « is defined as o = tan™" (p, /p). This
relation is equivalent to the resonant diffusion curve equation

in the (p,p1) plane.27
The interaction phase variation is

I;] =W — kHUH — 19. (24)

The derivative of gyro-phase can be expressed as

. -ad W y
. e F)
QZP_OZP()—JFP():‘O___OCOS”. (25)
pL PL Y pL

Finally, we got the gyro-averaged particle motion for /th-
order cyclotron resonance in (p||, p1, 1) coordinates as

. pL 0B
p=F|sinn— 2Bm oz (26a)
1 pip| OB
=F — 26b
po = Fisinn+ 2B ym 0z’ (26b)
IFy k e
ﬁ:—ocosn—i—w—ﬂ—w—. (26¢)
pL ym b

D. Variation of energy, pitch angle, and magnetic
momentum

The gyro-averaged rate of energy change for an electron
traveling through a whistler wave-field can be directly
obtained by

dE, 1 ( dp) dPL) 27

ar  oom \Plar TPy,

and is expressed as

dE
d_tk =— yim [EXp|Ji(B) + Erpodi-1(B) + EpiJii (B)]sing.
(28)
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Here, E; represents the kinetic energy of the electron, the
three terms of Eq. (28) in the right hand side represent the
energy variation contributed by E), Eg, and E;, respec-
tively. All the magnetic wave components vanish in Eq.
(28). The energy variation equation (27) can be simplified
using the diffusion curve equation (23) as

dE, _ 1 v w® Koy
W_V—m<p|F s1nn+plFHkHTsmn ,

which is simply

dEy NONS
k ‘Vl‘ kg\\ sin 7. (29)

dt

This equation implies that a low frequency (v < w..) wave,
such as the magnetospheric electromagnetic ion cyclotron
(EMIC) wave, can scatter the electron pitch angles via cyclo-
tron resonance by converting particle energy from parallel to
perpendicular direction, or vice versa, but the net gain of the
particle energy is quite little.

It is useful to derive the motion of particle magnetic mo-
mentum g, which is the first invariant in a static magnetic
field. From the definition u = p? /2mB, we obtain

du_pip,  pt OBpy
dt  mB  2mB? 0z ym’

(30)

Substituting the expression of p, to the above equation
yields

i _ pe

i —mBFfsinn, (€2))

and applying the diffusion curve equation (23) produces

B Ry sing, (32)

LA == (33)

apply to any cyclotron harmonic resonant interactions
between an electron and a monochromatic wave, and are
consistent with the relation given by Walker®® and Albert
et al®

Using the relation of o = tan™'(p /p)|), the rate of pitch
angle change of a particle moving through an oblique whis-
tler wave can be easily obtained as

do

_om p. OB
dt _kaH

siny(p|F'l — pLFY]) ‘*‘mg (34)

Applying Egs. (20) and (23) to the above equation yields

do FW( cos2oc> . p. OB
i C G5
- pu v—1)"™ e OV

where Y = w,,/yo. This equation is the same as that given
by Bortnik ef al.*? in terms of his conventions.

Phys. Plasmas 22, 052902 (2015)

lll. COMPARISON WITH BELL'S EQUATION: SIGN
PROBLEM

We carefully transformed the gyro-averaged particle
motion equations (26) to Bell and Bortnik’s conventions
(the final relativistic form given by Bortnik et al>?%), and
found a (—1)""" term in difference between our results and
their formulas in the perpendicular motion equation for the
Ith-order resonance. Since different conventions have been
used in various literature, making the sign checking rather
complicated, we suggest a easy test for self-consistency in-
dependent of the choice of convention, that is, no matter
what convention is used, the energy variation equation
given by Eq. (27) should not contain any wave magnetic
components, because the magnetic field does not contribute
to changes in particle energy. However, the energy varia-
tion equation from Bortnik’s formulas®?° contains contribu-
tions from wave magnetic components, which will be
canceled after adding (—1)""' term in the perpendicular
motion.

In order to investigate the impact of the sign problem in
the motion equation, we simulated the Landau resonance
between an electron and a magnetosonic wave in the magne-
tosphere using both Bortnik’s solver and corrected gyro-
averaged solver, and compared the results to that by Lorentz
solver. Following the work by Bortnik ef al.,® we modeled a
whistler-mode  magnetosonic  wave with frequency
f=33.3Hz, amplitude B"” = 250 pT, and wave normal angle
89°. We set the ambient electron density n.,) = 10.3 cm™,
and chose a background magnetic field with intensity By
=342 nT to represent the geomagnetic field at L =4.5,
where the Mcllwain’s L-value describes the set magnetic
field lines crossing the Earth’s magnetic equator at a geocen-
tric distance L in units of the Earth’s radius Ry. The Landau
resonance interaction between such a wave and an electron
with energy E;=300keV and pitch angle o = 30° is then
simulated, and the variation of particle energy, parallel mo-
mentum, and perpendicular momentum are illustrated in Fig.
3. With the (—1)""" term missing, Bortnik’s formulas pro-
duce an opposite behavior of perpendicular motion, while
the corrected formulas produce a result that agrees well with
full particle simulation using Lorentz solver. Using the cor-
rected formulas, Li et al 30 recently showed that the test par-
ticle simulation of interactions between magnetosonic waves
and energetic electrons is in good agreement with quasi-
linear theory when the waves propagate enough wavelengths
along the ambient magnetic field lines.

IV. EFFECT OF WAVE CENTRIPETAL FORCE IN
PHASE TRAPPING

The effect of the wave centripetal acceleration force Fy
(the first term on the right-hand side of Eq. (26¢)) was often
neglected in the generalized resonance formulas.'™"°
Usually, this centripetal acceleration term is a small term on
the right hand side of Eq. (26) except for loss cone particles,
which possess very small p 2231733 But in the second-order
resonance given by d*n/df* = 0, which enables the stable
trapping of a resonant electrons,®* this centripetal accelera-
tion force plays an important role. Although this centripetal
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x10" x10™
200
(a) (b) ()
1 2
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FIG. 3. The test particle simulation of Landau resonance between an electron and a magnetosonic wave using the Lorentz solver, Bell’s solver, and corrected
solver in this paper. The comparison of (a) the particle energy change, (b) the parallel momentum change, and (c) the perpendicular momentum change clearly
reveals the sign mistake of perpendicular motion of Bell’s solver, and its consequence in particle energy variation.

term had already been included in some numerical stud-
ies,'*!® but was usually not taken into account in theoretical
analysis, 1:26:29:34-38

The motion of phase trapped electrons is dominated not
by the ambient magnetic field, but by the wave field,?*°
which enables the particle parallel velocity to follow the res-
onant velocity all the way in the wave field.*® This nonlinear
interaction has been proposed to be accountable for nonlin-
ear excitation of chorus waves in the Earth’s radiation
belt.**® To make the physics brief, we use a simple exam-
ple of first-order cyclotron resonant interaction between a
non-relativistic electron and a parallel-propagating wave
with constant o and k| to show the compact of F}j on phase
trapping. The gyro-averaged electron motion equations are
simplified as

Gyro Average Omitting Fy’

Gyro Average Including Fp’

eB . 1 OB
v”———RvLsmn—ivig, (36a)
. EDR Wee 6B
=—— — — 36b
oL m kH na+ 2B oLt 0z’ ( )
—eB ce
— Rw—cosn+w—k||v|| — Wee- (36¢)

m kHUJ_

Here, we have used the Faraday’s law and the resonance
condition Eq. (20). When F}; is omitted, the phase trapping

condition has the form of a driving pendulum,
i+ Rsinn =D, 37

where

Lorentz Solver

2 2
_ (b) ()
>
Q 1.5 1.5
>
2
Q 1 1
L
0.5 0.5 0.
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FIG. 4. (a)—(c) The energy variation of 12 representative electrons with £, =1keV and «,, = 20° undergoing a chorus wave, calculated by gyro-averaged
solver omitting the wave centripetal force, that including it, and the Lorentz solver, respectively. (d)—(f) The final electron energy as a function of initial inter-

action phases by three methods.
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Gyro Average Omitting Fyg’ Gyro Average Including Fj" Lorentz Solver
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FIG. 5. (a)—(c) The pitch angle variation of 12 representative electrons with £, = 1keV and o,, = 5° undergoing a chorus wave calculated by three methods.

B
Rife—R'kHDL,
m

1 €UH OB

represent the “restoring force” and “driving force,” respec-
tively. However, considering the Fjj effect would bring a
couple of extra terms in the “restoring force,” including a
major term

(38)

—eB ce
Ry=—RY (39)
m k”UL
When R; > R or equivalently
Dee® > kﬁvi, (40)

this extra “restoring force” can greatly enhance the phase
trapping, making more electrons being stably phase-trapped.
The Fy effect also yields extra “driving forces,” which are
small compared to D.

Equation (40) implies that the F; effect is most evident
for electrons with small v; undergoing phase trapping in a high
frequency wave. Here, we demonstrate this fact by simulations
of the interactions between a chorus wave with w = 0.7 @,
and a bunch of electrons in the dipole geomagnetosphere at
L =5. The monochromatic chorus wave was assumed to be
generated at the magnetic equator and propagates towards the
southern hemisphere along the magnetic field line with an am-
plitude of 70 pT. The ambient electron density was set to be
n,0 = 10cm™. A group of 360 electrons were simulated travel-
ing northward with an identical initial energy E, = 1keV, an
equatorial pitch angle «,, = 20°, and initial interaction phases
1o from 0° to 359°, respectively. The gyro-averaged energy
motion along latitude of 12 representative electrons (1, = 0°,
30°,...330°) calculated omitting the Fj effect (Figure 4(a)),
that including the Fj effect (Figure 4(b)) is compared to the
motion under Lorentz force (Figure 4(c)). The full information
of electron final energy after resonance as a function of 7 cal-
culated by three methods is plotted in Figures 4(d)—4(f), respec-
tively. Only 68 out of 360 electrons undergo phase trapping if
the Fy effect is omitted (Figure 4(d)), while a simulation
including this effect (Figure 4(e)) produces 212 phase trapped
electrons (1, = 76° — 287°), in excellent agreement with that
obtained by Lorentz solver (Figure 4(f)).

The gyro-averaging solver omitting Fj’ may even pro-
duce negative pitch angles, as shown in Figure 5(a), which
present the dynamics of electrons with an initial pitch angle
of 5° and an energy of 1keV. However, with the inclusion of
Fy, the gyro-averaged solver produce a result in excellent
agreement with that obtained by Lorentz solver (Figures 5(b)
and 5(c)). Here, we point out that a p, factor in the denomi-
nator of wave centripetal acceleration term in Eq. (26c)
ensures the p, and the pitch angle « = atan(p, /p|) always
be positive. This wave centripetal force not only “reflects”
the particles when they hit the loss cone but also cause all
electrons undergoing phase trapping in the present case.

V. CONCLUSIONS

The gyro-averaged motion formulas for interactions
between whistler-mode waves and electrons for any resonance
harmonic are derived with general definitions of signs of parti-
cle and wave parameters. It is efficient to use these formulas
for test particle simulations, and convenient as well to analyze
particle energy and pitch angle change rates. By applying the
conventions of Bell and Bortnik,"* we find a factor of
(—1)1_1 missing in their perpendicular motion equation. By
simulating the gyro-averaged motion of an electron under-
going Landau resonance with a magnetosonic wave, and com-
paring to the full particle motion under the Lorentz force, we
show that the missing sign causes the particle perpendicular
motion behave oppositely. We propose a convention free cri-
teria to justify the various forms of gyro-averaged equations,
i.e., the energy variation resulting from the momentum equa-
tion should not contain the contribution of wave magnetic
components, if Maxwell’s relations are not applied. The parti-
cle motion formulas derived by Ginet and Albert® and Albert
et al.*® are correct and agree with that criteria.

Furthermore, we point out that the wave centripetal
acceleration term should definitely be included in nonlinear
interaction studies. Although it is a small term, its profound
time derivative provide an extra “driving force” and can sig-
nificantly enhance phase trapping, making particle accelera-
tion process much more effectively. This term may also have
a potential impact on nonlinear wave excitation and damping
process. Besides, this term also numerically keeps p; and
%4 being positive, and bounces the low pitch angle electrons
out of the loss cone. Gyro-averaged resonant particle
motions simulated including the effect of this term are in
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excellent agreement with the full particle motions under
Lorentz force, as shown by two examples.
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APPENDIX: DERIVATION OF DIFFUSION CURVE
EQUATION

The wave electric and magnetic components applying
Faraday’s Law to Eq. (2) yield

B, = —k|E,/m, (A1)
By = kjE, — k. E., (A2)
B. =k E,/o. (A3)

From the definitions of Br= (B} +BY)/2, B,=(BY—B})/2,
Eg=(E}—E})/2,and E,=(E}+E}’)/2, we have

k
Bp=-LEy—Aip, (A4)
0] 2w
k k
BL=—-'E + “E., (AS)
w 2w
k k
B. = —FE, = — (E, — Eg). (A6)
w w
Inserting the above expressions to Eq. (A10) we obtain
w k k
S EJ +v, <_ER - _J_Ez)]ll
e W 2w
kj ki
v | ——Ep +—E. |Ji;1. (A7)
%) 2w
FY kiEr kL E,
— L = Bl —y| <_ _ i_)][_l
w 2w
kiEL  k,E.
+EL 11 + 1) (— | = )J,H. (A8)
w 2w
Using the Bessel equation’s identity
21 21w,
Jiot i =0 276/7)]1, (A9)
B kivy
as well as the resonance condition Eq. (20) we get
FI Ky kv kjvs
——=——EJi+——EpJi 1 +——EpJi11,  (A10)
e w w w
FY o o v [ o,
A R o Ay RS Ry N §)
e Yo vy @ o)

Finally, by comparing the above two equations, we obtain
the following relation:
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) ) lw(‘(’ ) lw(‘?
FY =F/ ——=F/———cota, (A12)
+ I ykjvL I Yo — lwee
which is equivalent to
W lwce w
pLdp| = —————pydpj. (A13)
AL lwce

This equation represents the resonant diffusion curve in the
(p,pL) space, along which particles should diffuse under
the influence of an electromagnetic wave.?’
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