
Lawrence Berkeley National Laboratory
Recent Work

Title
ANTIPROTON ANNIHILATION AT REST IN DEUTERIUM

Permalink
https://escholarship.org/uc/item/54m1d2fm

Author
Kojoian, Gabriel.

Publication Date
1966-02-21

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/54m1d2fm
https://escholarship.org
http://www.cdlib.org/


UCRL-167 t7 

University of California 

Ernest 0. Lawrence 
Radiation Laboratory 

ANTIPROTON ANNIHiLATION AT REST IN DEUTERIUM 

TWO-WEEK LOAN COPY 

This is a L 1 brary Circulating Copy 

whIch may be borrowed for two weeks. 

For a personal retention copy, call 

Tech. Info. DiuIsIon, Ext. 5545 

Berkeley, California 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



Research and Development 

UCRL-I67t7 

I.  
UNIVERSITY OF CALIFORNIA 

Lawrence Radiation Laboratory 
Berkeley, California 

AEC Contract No. W-7405-eng-48 

ANTIPROTON ANNIHILATION AT REST IN DEUTERIUM 

Gabriel Kojoian 

Ph.D. Thesis 

February 21, 1966 



Contents 

Abstract 0 	. . a . . . . . 

I. Introduction 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. . . . . . . . 	I 

II, Experimental Procedure . . . • • • • , • • • • • • • 

 Beam 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. . 0 • 	- 

 Scanning 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. . . . . . . .3 

 Sketching and Measuring 	• . . . . .. . . . . . c 

 

	

. 	 . 	. Data Processing. 	. 	. 	. 	. . 	 . 	. 	.. . . . . .  . . 

1. 	Event Reconstruction. . . . . 	. . . . . . . . 

2. 	Kinematical Fitting . . 	. 	. . 	. . . . . . . . 7 

III. Analysis of Da$ 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. . . . . . . . 9 

 Identification of Events at Rest . . . . . . . . .9 

 Analysis of Events . 	. 	. . 	. . 	. 	. 	. . o . • • . • 9 
 Analysis of Five-Prong Annihilations . . . . . . . 

IV. Discussion of Results. 	. 	. 	. 	. 	. 	. 	. 	. 	. . . . . . . . 

 Pion Multiplicity Distribution . 	. . . . . . . 

 Pion Momentum Distribution . . , . . . . . . . 

 pion-Pion Correlations . . . . . . . . . . . . • .,$ 

 T4ilti-Pion Events. 	. 	. 	. 	. 	. 	. 	. 	. . . . . . . 

3. Five-Prong Annihilations and Selection Rules . . 3 

F, Proton Momentum Distribution . . . . . . . . . . . '37 

1. 	Two-Body Antiproton Interactions. . . 9 o o . 37 

2, 	Final-State Interactions. • • , . . . o 45 
3 	Three-Body Antiproton Interactions. 57 

G. Strange Particle Production. 	. . • . VA 

ii I• 



Acknowledgements . . . 	. 	.. 	 . 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. . 	. . 	. 	. 

. 	. . 	. 	. Appendices . 	• 	. 	. 	. •. 
.. 	 . 	. 	. 	. 	o 	• 	• 	• 	• 	• 	. 	. 	. 

Predictions of the Statistical Model  

Derivation Of Momentum Space Distribution of a 

1-ilthn Simulated Hard Core Function. . 	. . • • 	7/ 

Derivation of Momentum Space Distribution of 

Three-Body Wave Functions • . • , • • • 	, . 	. 	. 

References . . . 	. 	. . 	. 	0 	 . 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. 	. . 	. . 	. 	. 

V 



-J 

V 

3abrie1 Kojoisa 

Lawree Wadation L.aboratery 
University of 'California 

Berkeley, California 

Febxuary 21, 1966 

We report here the annihilation of antprotons at rest in the 

Lawrence Radiation Laboratory's 15-tb deuterjumfjiled bubble 

eamber (8 	 * 2.8137 8ev). The e3cpariment was performedmass 

at the Revatron. A total of 2071 events at rest were observed. 

The rtic of proton to neutron annihilations is 1.33 t 0.07. The 

reaction_377 

The auaber of neutral picas was determined and it was found that the 

deviation between the statistical nodel and the eqeriaentaj data 

was not overwe2ft. The meaLred pica AmMutulm and iz1tiplicity 

distributions are to agreement with the Lorentzi variant phase.. 

space mokZ when we consider an interaction volume of 	a  A 
where 	 108, and a is the nase of the pLan.if 
The noneotwa distribution of the observed recoil proton showed a 

marked dtfference from the ifltexnal momentum idistribution of the 

deuteram. Secondary effects were consjd2red because final state 

pican'.proton interactions were not the major contributors to the 

nnjhj1,$j on dynamics • Stars yielding K mesona accounted for a 

fractjon (0.05 ± .01) of the total annihilation events observed, 
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I. 	INTRODUCTION 

Dirac' introduced the concept of antiparticles by formulating 

a Lorentz-covariaflt equation for the electron, and his theory was 

confirmed in 1936 by discovery of the positron. 	Unsuccessful 

attempts were then made to discover antinucleons in cosmic radiation'L 

In 1955 antiprotons were successfully produced at the Berkeley 

BevatrOri by a team composedof Segre, Chamberlain, Wiegand and 

"  Ysilantis.2 	Many experiments.invOlviflg the annihilation of j7 

nucleus and 	p37]2l4 have been performed since then. 	Some of 

these interactions were antiproton annihilatiOnS at rest.' 6 ' 13  

i~ The experiment considered here involved sending a separated  
beam of f's, with initial momentum of 790Mev/c, into the 15-inch 

deüteriufll-filled chamber. 	The antiprotOn loses energy by the usual 

processes of excitation and ionization as it passes through the 

liquid deuterium, and when the kinetic energy of the antiprotOn 

approaches zero it displaces the electron from the D2  molecule and 

orbits the nucleus. 	The f7d atom thus formed has a large angular 

momentum 1 and a principal quantum number n Z 25. 	The antiprotOn 

then cascades down to lower (n, 1) values through radiative transi- 

tions, external Auger processes and collisional de-excitatiOnS 

until it reaches an orbit which has a small radius compared to that 

• 	of the atomic electron for deuteriuln. The size of this neutral 

atom ffd) is such that it can penetrate the electron cloud of the 

neighboring atoms. Next, this neutral probe is exposed to a strong, 

non-central proton electric field. As a result, a Stark effect is 

induced, allowing the absorption process, for i5annihilations from. 
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rest, to take place essentially from the S state. 

The annihilation is of particular interest because the 

reaction occurs in a pure I = 1 isospin state; therefore, a 

dependence on I-spin may be established by a study of the character-

istics of this annihilation, and this dependence was the motivation 

for our study of antiproton-deuteriuni interaction at rest, some 

features of which are presented in the text. 	 . 

V 



II. EXPERIMENTAL PROCEDURE 

A. Beam 

Only a brief. summary of the 790 Mev/c antiproton beam 

(Fig. 1) will be given here because it has been described 

extensively elsewhere0 8  

The beam emerged from the Bevatron and was brought into 

parallel focus by Qi. After passing through the first parallel 

plate electrostatic. separator it was brought into focus at Si by 

Q2. At Si the deflected pions were stopped by an 18-inch lead colli-

inator, while the antiprotons passed through a 1/4" slit. 

The bending magnet deflected the beam through an angle of 

29 degrees, thus helping to eliminate much of the remaining background, 

since the undesirable particles which passed through the first slit 

were off the central momentum. The beam then passed through a 

second stage of separation, after which its momentum was reduced by 

a set of copper and graphite absorbers (located at the entrance of 

the bubble chamber), making it possible for the antiproton to inter-

act at rest near the center of the chamber. 	 - 

B. Scanning 

A total of 2578antiproton interactions, each consisting of 

four views, were observed and accepted as good events, according to 

the following criteria: only those events, in the well-illuminated 

region of the bubble chamber and whose track curvatures 

could be adequately measured, were considered as good frames and 

thus acceptable for analysis. The average antiprOtOn flux per 

picture was about 0.1 with a background of Ai 1 light track per 
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picture. The dimensions of the fiducial volume were approximately 

20 cm long and 23 cm wide as observed in view 1. 

The antiprotons were easily distinguished from the background 

pions which either are minimum-ionizing or otherwise highly curved. 

All of the film was scanned twice on a table specifically 

constructed for viewing film exposed to the 15-inch bubble chamber. 

Any two of four possible stereo views could be simultaneously 

projected onto this table and, by moving one of the projected views 

relative to the second, the approximate coordinate for any point of 

a track was determined. The following Table I indicates the 

efficiency for each scan as well as the overall efficiency. 

C. Sketching and Measuring 

First, a sketch was made of each antiproton annihilation, 

containing information'specifying which set of the two stereo views 

out of the four available could be used for measuring. Next, the 

track coordinates in two of the four stereoscopic views were measured 

(by a servo auto-tracking device), digitized and punched onto IBM 

cards; the information was transferred to magnetic tapes which were 

used as the input to the data processing. system. 

D. Data Processing 

1. Event Reconstruction 

The events were analyzed by the IBM 7094 program PACKAGE, 

which consists of two parts: PANG 9  and KICK. 1°  The PANG program 

reconstructs the polar angle , dip angle A and momentum':Ofeath 
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track from thQ measured points. A least squares fit of these points 

are made to a parabola in the x-y plane and to a straight line in 

the x-z plane. Momenta, dip and polar angles, with their attendant 

errors, were then calculated, the differences in the magnetic field 

along the track, CoulombeffectS and optical corrections being 

included in these cálculátiOflS. Measured quantities are not con-

strained by conservation equations; therefore, errors assigned to 

the track momenta are ± 15% on the average. 

2. Kinematical Fitti ng  

The KICK program made a kinematical analysis of many-pronged 

• .• 

	

	events by imposing the constraints of . energy and momentum balance 

on the tracks at the vertex assumed for the interaction. The 

KICK input data consisted of three dynamical variables for each 

track; these variablesare assumed to be gaussian distributed. One 

dynamical variable is track curvature: 

/ - 	
+ incoming 	

(1) 
- outgoing 

the next is dip angle ( , ), and another is azimuthal angle ( 	). 

A least squares fit of the event was made. The output data 

consists of an adjusted value for each dynamical variable and a 

chi-square value for the selected hypothesis. The 	is defined as 

follows: 



(2) 

n = number of tracks 

x( = measured dynamical variable 

Xj = adjusted dynamical variable 

= standard deviation associated with each variable 
Tj 

• 	 The 
2 is at a stationary point for all variations 

within the interval 	about 	x, consistent with the 

kinematic constraints. The value for 	is the measure of the 

probability that the selected hypothesis is valid, and this value 

was used to help resolve the ambiguity in determining the number 

(0, 1, 2 or more) of neutral pions accompanying the charged products 

of annihilation. 



o 	III. 	ANALYSIS OF DATA 

A. 	Identification of Events at Rest 

The great majority of events observed were annihilations of 

's, at rest, in deuterium. 

Figure 	is a scatter plot of the inverse of the initial 

momentum versus track length for over 300 incident antiprotOns that 

annihilated upon interaction with deuterOnS. 	The unbroken curve 

shows the locus of points for interaction momenta of zero Mev/c. 

A cluster of events in the neighborhood of this curve can be clearly 

seen: less than 57a of the 2071 events designated as at rest were 

in flight. 	The total number of j7d annihilations observed, excluding.. 

strange particle production, was. 2578. 

3• 	Analysis of Events 	. 

.890 of those events at rest had an odd number of charged 

pions (i.e., total pion charge Q = -1). 	Thus, this class of events 

with an odd total of pion charges can be regarded as an unambiguous 

example of antiprotOn - neutron annihilation. 	Included in these 

890 events were groupings which had one, three and five charged 

pions in the final state. 	Within each of these groupings the number 

of recoil protons either stopping in the chamber, leaving the . 

41 . 	
chamber or simply not observable because of insufficient.momefltum, 

is as follows: 	 . 	. 	 . 	 . 
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U 

> 4 
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a 
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Fip. 2. Scatter plot of inverse of measured initial 
• 	momentum versus observed length of each 	MUB.7721 

antiproton track which terminated in an 	• 
annihilation event. The solid curve shows 
.the expected behavior, deduced from the 
range-energy relation, for annihilations 
occurring at rest. 



/1 

' Events with One Charged Pion 

50 protOns. . . . . Stopped in chamber,  

42 protonS. :• • • . Left chamber 

66 protons. • 	• 	Not observable (insufficient momentum) 

Events with Three Chaed Pions 

152 protons. . . . . Stopped in chamber 

85 protons. . • . . Left chamber 

288 protons. . • • • Not observable (insufficient momentum) 

Events with Five Charged Pions 

61. protons. . • • . Stopped in chamber 

32 protons. . . • . Left chamber 

114 protons. .. . •. Not observable (insufficient momentum) 

Among the above-listed 'three groupings 263 event.s had recoil 

protons which stopped in chamber; 468 events did not have an 

observable recoil proton because the momentum f or each proton was 

less than 60 Mev/c; and 159 proton recoils did not stop in the 

chamber and were identified on the basis of bubble. density. 	This 

latter sairple is subject to error from 1T ' mesons with large dip 

angles and K+ tracks misidentified as protons. 	However, the 

distribution of proton polar angles (Fig.3 ) and dip angles 

(Fig. 4 ) 
are consistent with isotropy, and pion contamination is thus 

negligible. 	 . 	 . 

The estimate of K 	tracks misidentified as protons is 

arrived at by analyzing the 	p) annihilatiOns at rest. 	
The final 
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state of this interaction may include K+ inesons, but no protons. 

1235 (isp) interactions were recorded: of this number, 1181 had 

pions arid no strange particles; 6 resulted in /1 production; and 

the remaining events had K mesons in the final state. According to 
a 

Armenteros et al.. 6.8% of the p) annihilations at rest result in 

K meson production. Assuming that"-' 1/2 of the strange particles 

are positive K mesons, then approximately 40 K+s  are to be expected. 

The misidentification of these heavy mesons as protons is most 

likely in the momentum interval extending between 300-500 Mev/c. 

Accordir.g to the phase-space distribution of momenta approximately 

40976 of the total, 	
+ 

or about 16 K 's, lie within this momentum 

interval. However, 9 K+tS.  from p) annihilations were observed as 

having momenta within this range; therefore, 7 ± 3 K+ts  are 

estimated to be included among the particles identified as protons. 

Thus, the misidentified positive K mesons are not expected to pro-• 

duce significant distortions in the observed momentum distribution 

of the proton. 

Of the total samle of annihilations at rest 1181 were 

examples of proton annihilation, including all those events with 

an even number of charged pions in the final state, as well as 62 

events with 0-prongs. The ratio of proton to that of neutron 

.. 
arinihilations is 1.33 - + 0.07. This ratio is not sensitive to 

pion-nucleori final state effects. The following charge exchange 

reactions are possible as a result of j7d interactions: 

I ,- 

I -;- 
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For cases (a) and (b) a ph annibilatiøn sinnilates a proton 

• 

	

	absorption; whereas in cases (c) and (d) a Fp annihilation 

simulates a neutron absorption. According to the principle of 

detail balarice the reaction rates for (a) - (d) and (b) 	(c) are 

• 

	

	expected to be appra4mately equal. Assuming that charge independence 

is correct and that isotopic spin is a conserved quantity the square 

of the matrix elements for the reaction (a) - (c) and b) 	(d) are 

the sane. Therefore, reaction rates indicated in these four eases 

are apprcxiuiately equal. Assuming a statistical distribution of 

charges, and relating it to the five pion mode: 

(jp)annihilatiàns result in 1.611T , 1.611T 
and 1.7671 ° ; 	 . 

the (n). case prozces 1.277? , 2.217 and 1.677 0  , 
on the average. 

In effect, these values indicate a near-zero neutron.prot on  exchange. 

- 	 C. 89aIXsjs of. Fjye.,prono Annihilatioris 

t . 	 .. 	 To test the hypothesis that (ri.) interactions at rest may 

proceed via an intermediate vector meson, 15  67 events (from a total 

of 127 observed), with 5 charged pions and a recoil proton, were 

analyzed to determine the number of neutral pions prodeced. Of 

/5-  



the 127 events, 67 satisfied.the fiducial criteria, and the 

remainingdid not.. Other exax1es of neutron annihilation were 	. . 

not included because it was not possible to unambiguously decide 

the number of .neu.tralpiOflS. 

This interaction was identified as a n) by the usual method 

of determining the consistency of measured quantities with the 

kinematics of the reaction. 

Of the 67 acceptable events: .. 

13 were unambiguously identified as having ild . . 

7t's; that is, they satisfied the following 
criteria a )4 acceptable for 4 constraint 
fits and measured missing energy and mass 
within one standard deviation of zero (see 
Figs. 5 , 	, 	and 	*.-) 

23 events were unanbiguously identified as having 
7r° ; that is, they each had a k' acceptable 

for a one constraint fit and a missing mass 
within one standard deviation of 135 Mev (see 
Figs.7$a'); 

6 events were unambiguously identified as having 

	

• 	. 	. 	 2 or more 77' * Is 
 where measured quantities satis- 

	

• 	 . 	 fied the following criteria: the missing mass 
was greater than 270 Mev and more than 4 standard 

• 	. 	 . 	deviations from 135 Mev. In fact, the smallest - 

	

• 	. . 	 value of missing mass is 356 Mev. The lowest 
exhibited by these events, when tested for the 

1 11 °  hypothesis, was 6.48; 

• 	 • • 25 events were ambiguous: of this number, 5 
exhIbited chi-squares which allowed for both 

• . the zero 77 and 1 77 °  hypothesis, and 2 of these 
5 had missing masses consistent with 1 standard 
deviation from zero (and were placed in the zero 

bin), and the remaining 3 had missing 

	

• 	 . 	masses consistent with 1. standard deviation from 

	

• 	 the 7 °  mass (and were placed in the 1 7T °  bin); 
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Fig. 7. 	Distribution in 
I Ij 	111111 	IjI 	I' 	III for15 examples 

of five-chagd pio. 
annihilatjons. 	The 
sample is restricted 
to events containing 

d 	37r"27r an observed proton 
spectator. 
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z .  .. .,. 	 ... 	 . ,,. 
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x 2  
Fig. 5. 	Distribution in 	for 15 events of five-charged 

pion annihilations. 	The sample is restricted to 
events containing an observed proton 	MUB 7720 

.. 
spectator 	

: 
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• 	histogram. • 
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The remaining 20 events were ambiguous in that 
they contained 1, 2 or more 77 °  's (they were 

• 	placed in bins according to their missing mass 
• 	squared values). Missing mass squared histograms 

were made from all 42 unambiguous events. •A 
• 	natural grouping that separates the two or more 

77" events from all others is indicated in 
• 	

Fig.' 	. This separation occurs near 350 Mev. 
• '. 

	

	Consequently, we conclude that 13 events have a 
single neutral pion, and the remaining 7 have 
2 or more. 

The fiiial results are: 

No, of Neutral Pions 	No. of Events 

• 	077 0 )3 	 15 

1 Tr 	 39 
0,) 	 • 

2ormore 	77 5 	 13 

j 

¼ 
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IV. DISCUSSION OF REJLTS 

A. Pion ritip1iciy Distribution 

	

Pion multiplicity distribution of 2071 events is shown in 	 p 

Fig. 9. The average pion mu1iplicity in the annihilation 

process, according to the Fermi model usingcovariant phase-space 

integrals, for an interaction radius of 2.2 fermi's, is 5.11. The 

mean number of observed charged particles is 	23.O7 0.08. 

• 

	

	Assuming that the energy distribution for neutral pions is the same 

as that for charged pions, then the average total multiplicity is 

-) 	• This value is consistent with the 

calculated value of 5.11 and with the results of Horwitz et al.7  

The mean number of observed charged prongs in proton annihilation is 

3.03 0.10; in neutron annihilation it is 3.11 0.12. 

In the simple statistical model the total nucleon-antinucleon 

rest energy of 2c2  is released into an interaction volume JL. 

Then, statistical equilibrium among different modes is established 

and pions of corresponding final states are released according to 

• the statistical distribution, which is proportional to the proba-

bility that all the particles are simultaneously available within 

the interaction volume  where Jt = 40 and 

• 

	

	A is the only adjustable parameter. The value , -. 10 is chosen 

in order to fit the observed average number of pions produced in 

the annihilation process.917  However, this value 	10 over- 

estimates the relative probability of K meson production. 

44 	
-- ? 
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The staistica1 distribution for n-pions in an isotopic spin 

state I is: 16  

'r'/ j (2cc)J 	(3) 

Here: 

Ii c = 1, and Ais a constant independent of the n; 

• 	 G(I) = total number of isotopic spin states available for 

• 	 agivenn; 

nt for n identical particles, n states are equivalent 

under interchange in each I-spin state; 

• 	 7 
4 	

relates to the probability of finding 

• 	/ (?1r)J 

the npions in a plane wave momentum eigenstate in IL , 

• 	 the interaction volume. 

r(W)=

"9  

is the covariant phase-space integral. W = total energy in the center 

of mass system, P and 	are the momentum and energy of the jth 

particle. This integral is calculated by the iteration technique 5  

(seeAppendix 1 ). 
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• 	 In the Fermi model the only quantities rigorcusly conserved 

are the total linear momentum and energy of the system; the con-. 

• 	 servation of angular momentum s  parity and other observables which 

may influence the reásits of the annihilation process are not 

included. 

B. Finn Momentum Distribution 

Momentum distribution of charged pious from proton anni-

hilations are shown in 1"igs* lOs, lob, ha, and llb. There is no 

essential difference between the results presented here and those 

of ReI. 6, in which antiprotons annihilated with free protons. 

Momentum dietrjb*tions resulting from neutron annihilations 

are shown in Figs • 12a, 12b, 13a 0  and 13b. A corresponding phase-space 

distribution accoanioa each graph. There is no significant devia.-

tion between the experimental and stati8tical distributions. 

The pion momenta are from measured track curvatures and not 

from fitted data. A small fraction of the total number of pious had 

momenta greater than that allowed by kinematics, which we attribute 

to poor measurement accuracy. I4owever, when the error in the 

measurement is taken into consideration the magnitudes of the 

momenta are within the allowable kinematical limits. 

C. Pion-Pion Correlat 

Effective mass distributions (77fl ) were made with pibns 

from final states whih had 3 and 5 charged pt-mesons (Figs, ida and 

14b). Included in these graphs are the appropriate phase-space 
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plots. Measured, not fitted, quantities were used. The results 

indicate only a small amount of resonant state pro*ction and no 

significant deviation between statistical and experimental 

distributions. 

D. 	lti-PioEvent 

The antiprotOn-prOtOn state consists of an equal mixture of 

isotopic-spin states I = 0 and I = 1, and antiproton-fleUtrOfl is in 

a pure I 1 state; this indicates that the annihilation ratio is 

responsiveto the isotopic-spin dependence. of the annihilation 

matrix elements. Using the simple statistical assumption that 

the annihilation rate R(p) for p is the statistical sum of I 0 

and I = 1 9  and assuming no interference between these channels, then: 

Rp) = ½ R(I = 0) + ½ R(I  

whereas the antiproton-neutrOn annihilation rate Rn) = R(I 

The relative rates for the annihilation into n-pions is as follows: 

14141 

(6) 
Z. 

41 (,E')  

M 's are matrix elements for transitions into the respective iSOspin 

states. The weight factors N(I = 0) and N(t = 1) are the number 

of linearly independent n-pion states in I = 0 and I 1. These 

numbers are listed in Table j.18 These states are not distinguished. 

by their momenta or configurations, but in fact are independent of 



all quantum numbers, except for isotopic spin. Unsuccessful 

attempts have been made to calculate these weight factors in an 

extended Fermi model, 19  which distinguishes itself from the classi-

cal one by including the conservation of angular momentum and 

parity. 

Now let us construct a model whose matrix elements are not 

functions of I-spin. In this model: 

A 	
/ f 	

/ 

47 	 ( N r 	J 

The average vaiue.of4 = 0.71. This value is relatively inde-

pendent of the number of pions (see Table 2Z) and is not consistent 

with the experimental result (4 	= 1.33). Using the experimental 

result for/2 1n Eq. (7) gives the following value for the ratio 

R(10) = 1.66, 
R(I=l) 	 (8) 

which indicates that on the average, the I 0 state is more 

prevalent than I = 1. 

Chadwick et al. 13  have concluded from their study of the 

annihilation reaction 17 +p.7 ° +,T°that, for this interaction, 

I = 0 is the dominant state. 



• TABLE II. 	Ratio for annihi1atiors into n pions.. 

N(I 	O) N(I 	1) 

2 1 1 	 • 1.0 

• 	 3 • 	 1 3 	• 0.67 

• 	 4 '3 6 0.75 

5 6 15 0.70 

6 15 36 0.71 



• 	 B. Five-Pr0fl AnriihilatiOfls and Selection Rules 

The results of the CERN experiment,6 a study of the 

final-state K°K°  from (j5p) interaction at rest, indicate a 

predominance of S-state capture. If the nucleon_afltiflUCleon 

annihilations proceed via a vector meson intermediary the 

• 	3 15 	 15 have examined S.-state would dominate. 	Berman and Oakes  

this hypothesis, the consequences of which are particularly simple 

for n) annihilatiOns at rest. (n)is in a pure I = 1 state and 

the only know vector meson with I = 1 is the rho meson. It follows 

S 	
then that this interaction can result only in an even number of 

ted for 67 events having five charged pions. This hypothesis was tes  

pions and a recoil proton (see Section Ill-C). The results are: 

Corresponding 
Statistical 

No, of Neutral Pions 	No. of Events 	prediction 

o 	 15 	26 forbidden by 
Berman & Oakes 

1 iT 	 39 	33 allowed by 
Berman & Oakes 

2 or more IT s 	 13 	 8(Eorbidden for even 
numbers of 7T° 's, by 
Berman & Oakes) 

Our experimental results are not in complete agreement with the 
S 

radius dependent (r = 2.2f) statistical model; 16 however, the 

deviations are not overwhelming. The model which indicates that 

• • 

	

	the nucleon-antifluCleOfl annihilation proceeds via a vector meson 

intermediary may not be valid at all interaction energies. It is 

S 

• 	 clear that the rho meson exchange is not the only dynamical 

-• 	 mechanism in antiproton-fleutrOn annihilation at rest. 77 annihilations 



are at rest with respect to the center of mass of the deuteron 

and not necessarily with the individual nucleons. In general these 

rnzcleons are in motion with the incident particle, and some P-state 

annihilation canz be expected. This effect obscures the relevance 

of the Berman and Oakes model. 

F. Proton Momentum Distribut!l 

1. Two-Body AntiprotOfl_IflteraCti!!? 

Plotted in Figs. 15 and 16 is the momentum spectrum of 

recoil protons from the reaction P7dflt1+p . This distribution 

includes a total of 732 protons resulting from annihilatiOns into 

3 and 5 charged plans, 402 of which had momenta 80 Mev/c, that 

is, they were insufficient to produce a detectable track 
in the 

bubble chamber. Events with a single charged pion were excluded in 

order to minimize errors in identification of the positive track. 

Because of the possible inclusiOn of pions misidentified as protons 

this class of events would favor the high momentum region. In this 

group, about 27% of the recoil protons left the chamber, as opposed 

to about 15% for the 3 and 5 charged pion final states (see Section 

Ill-B). 

The spectator model assumes that the incident antiprotOn 

interacts with one of the two nucleons in the deuteron, and that the 

presence of the second nucleon does not contribute to the anruhila-

tion dynamics. In such a situation the particles in the deuteron 

are likely to be some "large" distance apart during the interval of 

interaction, and the low-lying momentum states would be the most 
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likely ones0 The Hu1thn wave funCtjOfl2O may be expected to give 

the observed distribution. It has the following form in coordinate 	- 

21 
space: 

 

and the representation of this function in momentum space is: 21  

)7 [ . 	/ () 	L 	I L 	
7 

 

where 

- -7r 	
) i

• 	 (11) 

E = 2.226 Mev ;  the binding energy of the deuteron and 1Mr is the 

reduced mass of the deuteron. 	= 1.31f 1  is the Huithen parameter 

and K = proton momentum. The unbroken curve of Fig. 15 is a plot of 

Figure 15 is a cornparison between the observed momentum 

distribution and that plot given by the phenomenolOgical grcund state 

deuteron wave function of F1thn. The internal momentum distribu-

tionof the proton deviates significantly from the observed spectrum. 

The experimental data shown in Fig. 15 indicates an excess of high 
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momentum recoil protons. Of 732 such protons 165 had momenta 

greater than 200 Mev/c, while the predicted number, using the 

Hulthn wave function, is 40. It is :4dent that the agreement 

• 	between the }blthinwave function and thc,  observed shape is poor. 

Essentially, all protons whose.recoil momenta was 250 Mev/c 

were stopped in the chamber; all others were identified on the 

basis of bubble density.. The disparity between the observed and 

thephenoxuenological ground state wave function cannot be accounted 

for by misidentification of tracks in the final state (see Section 

• 	•• 	111-B). 

• 	 The momentum distribution given by Eriksson,, 1-i1the'n and 

• 	Johansons 9  wave form 
22  differs only slightly from the corresponding 

Hulthn function, andthus is not shown. The essential difference 

between the phenomenological functions212,22  is that the effects of 

• 

	

	the D wave are incorpoiated in the Eriksson, Hu1thn and Johansons 

wave form. 

An attempt to  simulate the effect of a hard core is made by 

• 	 incorporating into the Hulthcn wave form a smoothly varying function 

• 	 f(r), which has the following propertie 

• 	 • 	=0 	 • 	 OrL.r 
r-r 	 C 

71  
• 	 = sin 	d - rc) 	rcL r I..d 	(lz) 

=1 	• 	 dr. °0  

where it was assumed that r 	O.4f, thehard core radius, and d is 

the distance at which the }lthén wave function is not altered by 

• 	 a hard core. The coordinate representation of the wave function 



is now: 

e - 
 17  417 

where N is the normalization factor. 

Th e -I"orm of this function in =omantu= sDace is: 

(j) 
 

where 

r / 	 7 
1 	L- 

- __ 	
e 

• 	 () 

	

4di) I 	 • 



,i. 

and for 	")we rep1acecby '. The proton momentum distrIbution 

is: 

(16) 

(see Appendix B). 

A value of 1.15f for d was chosen in order to give a good fit 

to the data0 This value for d indicates that the wave functions, 

with and without.the simulated hard core, have the same shape, 

beginning at about 3 hard core radii. If the magnitude of d is less 

than 1.15f, the resultant effect is greater because it approaches .a 

region in which the wave function has alarçjer value. Above 1.15f 

the resultant effect 	small because now it approaches a region in 

which the wave function has a smaller value. 

aiperimposed.on the observed data in Fig. / is the form 

and 	the proton momentum distribution of a 

simulated hard core. As expected, the function 10 

fits as well as the Lz1then in the low-lying momentum region and it 

has a reasonable behavior in the high momentum region. But it 

clearly does not describe the state of the system in the neighbor-

hood of 300 Mev/c, which includes 167ocf the events. 

An incident particle with momentum of order of 100 Mev/c with 

respect to the center of mass of the target nuclei will have a 

between 3 and 4 frmis. This is approximately equal to the most 

likely distance separating, the nucleons in the deuteron. Apparently 



I 

the spectator model with the Flthn wave function is not valid 

for interactiOns when the relatjve momentum between target and 

incident particle is much less than 100 Mev/c; it is more likely 

that the incident particle will interact with both nucleons 

simultaneously. The Flthn simulated hard core with the spectator 

model works better than e,ected; however, the reason for this 

behavior is not known. 

The twobody añnihilatiOnmOdel (the third nucleon a 

spectator to the annihilation interaction) does not completely 

describe the antiproton-deuterOn annihilation; therefore, some 

secondary effects must be considered in an attempt to understand 

the observed momentum distribution. 

Three modes which could contribute to the distortion between 

the observed momentum distribution and that plot given by the 

phenomenological ground state deuteron wave function of Hulthen 

(Fig. / 5) are: 

(a) Final state interactiOns -- isobar production, 

3 

b) Three-body antiprOtOn interactions, 

(iv) 	p 

(c). Bound state, 

•+?(*f 



2. Final State interactions 

The effect on the momentm spectrum of the proton (a reilt 

of resonant 77P interactions, from Fd annihilations into three and 

five charged pions in the final s - z.t) was studied. We will now 

develop a form of the proton momentum distribution, indicating how it 

was modified by final-state phase-space and enhancement factors. 

The cross section for production of n-pions and a proton with 

momenta dpi and dQ, respectively, is: 

4-1 	 (17) 

where T,,i =  ( '9J 	t 1/'.), the transition matrix between initial and 
final states. The notations being used throughout are as follows: 

dp = momentum interval for ith pion 

• 	 total energy for il  th pIr 

dQ = momentum interval for proton 	 - 

EQ 	total energy for proton 

mass of antiproton 

I' 	
= mass of deuteron 

N = normalization factor 

(r1, R)(r),where r = r3 - r2 

momentum Of deuteron center of mass 

antiproton spatial coordinate 	• 

r2 	neutron spatial coordinate 



j 

= proton spatial coordinate 

= pion spatial coordinate 

— 	___  

(19) 

where 	 3 j33JJ1  - 

(o) 

Now assume that the proton is a spectator to the annihilation 

process in deuterium, and then its r 3  integral may be 'done 

immediateiy 	 ' 

/ Jte 
/7) 

r 

( n) - 
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47 

were 	 FCr1Cr transform of 	 • Recalling that 

d intercted at rest, the niorentum and the deuteron momentum 

= 0, so that: 

I; 	(22) 

Now the cross section has the following form: 

AA 

d2r2 *Q7df2U 	IJ 

The momentum spect run P (Q) = - , where 
dQ 

71 
47 	

(24) 

If we consider a statistical model,  /tfi/2 = constant, then the 

momenti spectrum of the recoil proton is modified in the final 

tate by phase-Space factors. These factors insure four-momentum 

conservation and are purely a kinematical effect. 



' 

j 

Next, consider thed annihilation as entering into a 

resonant region in the final state0 We assume the same 

enhancement factor for each and every pion,withOUt regard to 

charge, in the production mode under study 9  thereby overestimating 

the effect of t lie resonance on the proton spectrum. In such •a 

formulation the 	, flP and 7T P pairs contribute similarly to 

the enhancement factor ;  whereas the N 	state is a resonant state 

of the appropriate 1T/ pairs only. 

Now the matrix element /t flI2  = 	c() j ), where G(ü) 

is the weighting factor for the i meson (due to the resonant 

final state interaction). According to Gillespie: 23  

00 

• 	
6) (c o r r) e pJW \j 	 w 	(25) 

where P indicates the principal value of the integral; f ( / )  is 
• 

	

	
the phase shift for 770 scattering in the I = 3/2 and J 3/2 state 

at a pion energy ) ; 't1j is the total energy of the 1th pion, and 

ui is the pion mass. 

A Monte Carlo technique was utilized to generate events in 

which the momenta of all the particles involved were distributed 

according to phasespaCe. The rate of annihilatiOnS into a 

specific final state was weighted both by the appropriate product 

• 	 of weighting factors and by the square. of the phenornénOlOgiCal 

deuteron wave function in momentum spac;22 this tends to increase 

the yield for .a j(p system near the resonant region. Figure /7 



shows the momentum distribution of protons generated from these 

Monte Carlo calculations, from the I-1thn distribution and from 

our observed results. 

There is no significant difference between the phenomenologi-

cal deuteron internal momentum distribution and the results of the 

final-state interaction calculations; in fact, no displacement 

towards the high momentum region is evident in the distribution 

characterized by the Monte Carlo calculations; and: rather, 

enhancement is indicated near 140 Mev/c. 

Figure /7 shows an inadequate number of recoil protons in 

the neighborhood of 160 Mev/c, and it is difficult to conclude •that 

final-state interactions prOduce this effect. Below 150 Mev/c the 

shape of the recoil protpn spectrum is affected bymeasurement 

biases and observational difficulties, especially at large dip 

angles. It is apparent from Fig. /7 that final-state pion-proton 

interactions do not produce an excess of high momentum protons. 

Another technique for studying the effect of pion-protOn 

interactions in the final state is to start with the asimption that 

a fraction of the annihilation proceeds in the following manner: 

P 	 /\/,) / 	 (26) 

The formation of isobars resulting from three-body annihilations 

can be expected to yield high mOmentum protons0 The spectrum for 

the protonc produced from N* decay was calculated, using the 
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statistical model for the N*  production and assuming isotropic 

decay for t'e resulting baryon (Fig. 18). However, agreement with 

the observed data is poor. 

If a significant number of N*s are produced, then we would 

• 	 expect the 	effective mass distribution (Fig. 19b) to peak 

near the N*  mass, 1238Mev; however, this is not the case. Further, 

we would expect the shape of the 77/2  effective mass distribution 

(F.ig.. 19a) to be different from that of the 7P , since the 

resonance is in aT = 3/2 state; however, both Figs. 19a and 19b 

show essentially identical effective mass distributions, both of 

which peak near 1200 Mev. There is a lack of significant isobar 

• formation in these distributions. Thus, final-state interactions 

cannot be considered prime contributors to the annihilation 

dynamics. 

3. Three-Body Anti.proton Interactions 

Griffy and Oakes24  use the spatially symmetric forms, Eq. (27) 

and Eq. (28)', todescribe a system of three bodies composed wholly 

of nucleons (He3  and H3 ). In this experiment the initial state 

consists of an antiproton, proton and a neutron. It is convenient, 

but not necessary,to choose spatially symmetric wave forms to 

discuss a three-body (Wp) system. Perhaps the Irving and 

the Irving-Gunn functions used to describe the tri-nuc1eon system 

are also applicable to the np) system: both have the right 

• 

	

	asymptotic behavior in configuration space; both have wave forms 

amenable to analytic discussion. Those wave functions are as follows: 
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Tviq wave 	tiOfl 

• 	 (27) 
2;j/ 4 	Z 

3 the normalization constant. 

i:j:irC;n 	ZflCt1Ofl 

) 	
) 

L 

• 	 / 
) 

= cp-C2f/) 	
(20) 

J 

q? z. 

Z. 

• 	 where( 	 , the normalizatiOn constant. 

The notation used in Eq. (27) and Eq. (28) is as follows 

= 	
-- ) 

I 	• 	 3 - 

r-. 
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total ave runction for the three-body system in the 

initial state has the form 	(r) 	f(r) 	, where f(r)  

it is sy:retric under interchange of any two spatial coordinates of 

two particles o  We wii.L dispense w:th te spin-iSospin (. ) portion 

Of the wave function because it is not involved in the development of 

the momentum space eigenfunct.ions. 

The momntu distribution of the proton as given by the 

Irving and irvig-nn functon is (see Appepdix C) 

ç 	(c s 	) (_\ i 
. 	(29) 

where M. 	0 for I:vig fwction 2  and in 1 for Irving-1nn 

fuctio:. and Q is the momnentum of the 

The phenomenological momentum distribution of the proton 

develcccd from the Irvin-Cnn wave function for 	= 152 

appropriate for the three nucleon system s  is shown in 	 ; the 

corres-oro1ng dist.itiOn for te IrvinO runction for an c= 25024 

is described in Vig ? / : neither of these values of c produce an 

acccp.ble t to tLe obsevao aistribtion of the recoil proton 

roL cnt. }owtvor this is not surprising because the values for 

stated aoove are c.sociatc with the three nucleon bound systemsp  

ñcias i te pct tteaction one of the particles is an 

-t2ruc1eo Co cccrlj, t'e ro:ccs (a ti-us '\) associated 

with the (np) ystem will differ from that of the bound three 

rucico - 
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Choosing a value for CK =350 Mev in the Irving form 

(Fig., 
) 

and 300 Mev for the Irving-Qnn form (Fig.Z3 ) 
results 

in curves that also agree with data in the high momentum region. 

The area under the Irving and Irving-Gunn curves in Figs. R..2, and 

respectively, are normalized to only those events which had 

momentum values, for the recoil proton, ranging between 100-1000 Mev/c. 

The reasonable behavior in the high momentum region, shown in 

Figs. 2.2. and23 , indicates that this portion of the spectrum may 

be associated with three-body annihilations. 

The parameter O is proportional to the 	
0
where L is the 

binding energy. The values of the parameterO( , as shown in Figs. 

and 2.3 , result in a system of particles bounded to approximately 

1/1.4 the distance of the triton with a binding energy of about 

2 (1.4) times as large as the triton. The average value of r, the 

distance between the proton and neutron, is -v  1.5f, which is 

equivalent to about 130 Mev/c, the most likely value of the proton. 

Apparently at large distances r> (i.e., distances large 

relative to range of potential) the Irving and Irvirig-Gunn wave forms 

with the suggested values for 	tend to agree with observation in 

the high momentum region. If in fact the p7d bnd state constitutes 

( 	

one of the several competing processes in the interaction then the 
1 

potential associated with this system is Z. 

According to Fig. 16 a peak in the observed momentum distribution 

is indicated at approximately 300 Mev/c; this is associated with an 

average separation of '\' 197 My-Fei!4, = 0.66 fermi for the two 
300 Mev/c 

nucleons. If the antiproton interacting with the deuteron compacts 
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the deuteron, such that the distance separating the deuteron's 

composite partities is in thc ncighhorhood of 0.66f, then proton 

momenta in the range of 300 1ev/c can be expected. 

That portion of the proton momentum distribution spectrum 

which is not related to two-bod,,  annihiltons may not be attributed 

d4rectly to three-body annihilations, because this latter type of 

interaction rectuires the production of '\-' 8 pions, and very few 

7 or 8 pion events were observed. Therefore, it is difficult to 

state conclusively that the sum of the two- and three-body 

annihilations are the dominant processes. 

H 	 The discussion about the detailed shape of the proton spectrum 

is descriptive only; interaction details for small r are not known. 

however, the notion that some 201' of the events are produced in 

some complicated manner, in which the ant iproton reacts 

simultaneously with both particles in the deuteron, cannot 

be rejected. 	 . 

We suggest that the observed momentum distribution of the 

recoil proton may be considered as the sum of three separa .te 

functions, resulting from: 

Two-body anni.hilatiOflS 

Three-body annihilatiofls and 

Antiproton-neutrOn bound state. 

Using a recoil proton momentum of 100 Mev/c (which is 



I1 

consistent with Fib. 15) resi1ts i.n a mass M=1803 Mev for the 

(n) system. Present theory does not preclude the existence of 

such a state. No estimate of its binding energy or the fraction 

of annihilation into such a mode is attempted here. The 

observed data allows for a (n) bound state, but does not 

recuire this speculation 

G. 	strange Particle Production 

Strange particle production from (rd) interact'iOfl at 

rest included 76 events with K mesons (see Table III) and 

6 with 	 They were identified by their decay products 

or from bubble density estimates. The hyperons which appeared 

to emanate from the annihilation vertex were all identified 

on the basis of their decay products, 	( 7rp). 



Table iii., Observed K meson annihilation product 

K 	KK IC'K 	K 	K KiK KK 

Neutron annihi].atiOfl 6 	2 	3 	4 	4 	9 0 

Proton annihilation 10 	1 	3 	13 	7 	11 3 

• 	 A momentum distribution was made of all negative K mesOnS 

(Fig. 4 ): 3 were identified from decay products, and 5 interacted 

with the deuteriufli medium. Figure ,2, 5shows the corresponding plot 

of all K' tracks, four of which were identified on the basis of 

• decay products. The combined momentum distribution of all charged 

K mesons is indicated in Fig. 2 (O 

K0  and K0  decay as K, or K's with equal with equal probability. 

The K decays into its charged mode (fl" 	and uncharged mode 

('IT Ti ), 2/3 and 1/3 of the time, respectivelY. Therefore, the 

probability that a K0  or K0  will decay eventually into a charged 

(27 ) state is 1/3; and of course the probability for entering an 

unobserved mode is 213. The momentum distribution of the Kr's is 

plotted in.Fig.,7 

With the information available in the preceding Table III it 

is possible, in principle, to determine the detection efféciency for 

the K mesons and the fractional rates of annihilation into the 

K '4'K, KK0, K+KO ónf K°K° 
 ds. However, the results are not 
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consistent. This is attributed to the small number of strange 

particle events with its attendant statistical fluctuations. 

The estimated value for the K, Kr'S efficiency is 

= 0.5t 0.2. The stated value for the efficiency is 

from a combination of effects: of bias in the identification 

of K racsons and from the statistical uncertainty. This 

indicates that about one-half of the c's and iC'5 were missed. 

I-owever, for the neutral Kmesor.s the detection efficiency was 

assumed to be the prodact of the probability of decay within 

the established fiducial volume 	= 0.9 0.1) and the 

branching ratiofor ( 	 ) decay 9  1/3. We can now 

determine the fractional rates for annihilation into K mesons 

from (j5d) interaction at rest. After coupling the scanning 

efficiencies with the preceding corrections the fractional 

rates for annihilatiOn into K mesons from d) interaction at 

rest become: 

Rk 	(Deuterium) = .059 t 0011 

Ri 	(Protons) 	.064 	.014 

2k 	(Neitrons) 	.053 	.013 

These values for the total branching ratio are consistent for 

branchirg ratios betucen 001 and .02, or roughly .015 for the 

modes KK, ICK° , K°K° , and ICK° . It is apparent that, within 

the errors stated, the prodaction rates for K mesons are the 

same for both 7neutron and proton annihilations. 
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APPENDICES 

A. Predictions of the Statistical Model 

25 
Ferii initially suggested that the phase-space associated 

with each pion is .J2.d'/?, where 	 the volume of interaction 

for nucleon-antinucleon, _1L o  -j'77_ 1 	and is the volume 
27-  

factor. Note throughout this paper 	c 1 and P is the momentum 

of the pion. However, this form of the phase-space for each pion 

is not Lorentz invariant. 

The covariant form 	 for the phase-space 

associated with each pion will be used here, where (ld"ITls  the mass 

of the pion and L  7.= J/7- 772/ 	, that is, the total energy of 

the pion. This form has the prcperty of simplifying the numerical 

evaluation of phase-space integrals. This expression is plausible 

on the bacis of S-matrix theory. The assumption is made that the 

matrix element is a constant for the production of n-pions. 

The phase-space integral for the production of n-pions with 

total energy W in the center of mass system is 



L/L • 
where 

) 7T ( 	

is a measure of the probability of finding n- 

pions in a plane wave momentum eigenstate within the interaction 

volume. . The invariant form of the phase-space integral in the 
5 

center of mass system at total energy W is defined as follows: 

4-7 

(A/ 	 / 	 rj]r 
(A-2) 

The transition probability for a state of n-pions into an isotopic- .  

spin state I without the consideration of selection rules is: 16  

oirNr) 	 cw). 
(A-3) )3 

The branching ratios for a given number of pions n of total 

charge Q has been calculated by Pais. 	In the case for which n = 5, 

there are three modes of antiproton-r.eutrOfl annihilation: 

. 	 . 	 . 

and 

P. 



The branching r3tlos are 91105, 66/105, and 30/105, respectively. 

Thesebranching ratios and the Sn(I) values calculated by 

Dcsai16  were used in calculatitig the fraction of annihilations 

• 	 occurring in each mode for: values of n up to seven. 

B. DistribCion of Mo'aentum Space 
Distribution of Fuithen Sirulated Hard Core Function  

The I-.iith'ndeuterOn wave function with a simulated hard core 

in coordinate space is: 

where 	 •: 	 .• 

0 

/
(B-2) 

oo 

The normalization factor N is determined as follows 

2 /f f) 	R-ñ 	- 	 (B-3) 



J 

(B-4 

	

whereff)Je 	
e4e  

= 

Therefore, 

	

- 2d 	 - c e 
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The Fourier transOrm is 

cx 

• 	
N 	 )S 	t(e  e) 

62 	 (13-6) 



And now, sbstittifl9 for f(r): 

(2-7) 

where 

49 

i3l'  
Z. 

2 
d 

(B-8) 

- - 

(- 

- 	K 	
1J 



/ 

Incorporate Eqs. (B-8) and (E9) into (B-7) with the appropriate 

	

substituti0fl for 	Then: 

(B-b) 

Fri  

where 

= 	 k 
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L 	 ) 	7 
:72 

The ioentuzI o.stributlOfl is 

R 	
2 	 (3-12) 



/:- 

or 

zf (B-13) 

C. Derivation of Momentun Space Distribution 
of Three-Body Wave Functions 

• 	 The initial three-body wave function is: 24  

qlzl  (-l) 

where f(r) = -__--------- 	. 	 (C-2) 

When in 0 the function has the Irving form 3  and forml, the 

irving-Gunn form. The spatial function f(r) is completely symmetric 

• 	 • under the interchange of any pair of nucleons. 	is the spin- 

• 	isospin function; it will not beinvolved in the development of 

the momentum space eigenfunctions. The notation used is as follows: 

ri 	Position coordinate of particle 1 

r2 	Position coordinate of particle 2 

	

= Position coordinate of particle 3 	• 



Morentum of particle 1 

£o'.entim of particle 2 

P3 	I31rertur of particle 3 

All three zasses are assumed equal. The vectorsand 	are 
Ila  

related to the position coordinates of the individual particles in 

the following way: 

(C-3) 

3 

K is the vector which describes the morentum of particle I with 

• 

	

	respct to particle 2 and it is conjugate tor. Qdescribes the 

ioentum of particle 3 ith: respect to the center of mass of 

particles I an 2 and it is conjugate to 	. These vectors have 

the following form: • 

	

w. 	

444 	
- 	 (C 

	

.2 	 -.) 
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24 
According to Griffy and Oakes: 

i 	2) 4.7 (C-5) 

In order to make this six-dimensional integral more manageable we 

will define 

/ 3 

As a result, Eq. (C-5) is now 

Z. ø 	)= 
(C-6) 

With R and L are the six-dimensional vectors: 

x1  

X3 	 / 
_ 	L 	Q3 

Il 	
j \ Y2) 

31 	 \ 
\\ 	2/3 
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X1   

L 
F-. 

Equatioi (C-6) can be put into the following fo 

• 	 c ~ p 

(C-7) 

The solution is 

(Ca1V57-A1'J7- ) 

L 	 (C-8) 

• 	 • 

 7 
IVA r 	 (C-9) 
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