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Abstract 

Membrane osmometry is used to measure osmotic pressures of dilute solutions 

containing quasi-spherical CdSe nanocrystals covered with polymer brushes in toluene in 

the range 31 to 45°C. Osmotic-pressure data, as a function of nanocrystal concentration, 

yield the molecular weight and the osmotic second virial coefficient of the nanocrystals; 

the latter is related to the potential of mean force between two nanocrystal particles in 

dilute solution. 

Coupled with molecular-weight data, extinction coefficients and oscillator strengths are 

also obtained for nanocrystals of various sizes in toluene. CdSe nanocrystal sizes were 

obtained either from Transmission Electron Microscopy or from correlations between the 

wavelength of the absorbing peak and nanocrystal size.  

Osmotic-pressure data are reduced with a simple perturbed hard-sphere equation of 

state; the perturbation is due to long-range (London dispersion) attraction and a short-

range interaction potential. The only adjustable parameter, the strength of this short-range 

potential, shows two-body repulsion or attraction, depending on the sample and on 

solution conditions. 
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Introduction 

Semiconductor clusters, containing hundreds or a few thousand atoms, exhibit strongly 

size-dependent optical and electrical properties. Current research is focused on the 

individual properties of quantum dots as well as on their collective behavior; joining the 

dots into complex assemblies creates opportunities for synthesizing new materials [1]. 

For example, elongated CdSe nanocrystals show polarized luminescent emission along 

their long axis, unlike spherical dots, which emit plane-polarized light [2]. CdSe 

nanocrystals can be prepared in a wide range of shapes, including rods, teardrops, etc. by 

changing surfactant composition and monomer concentration during their synthesis [3]. 

By applying the strategies developed to synthesize CdSe quantum dots, Puntes et al. [4] 

produced magnetic cobalt nanorods as well as spherically shaped nanocrystals. 

Semiconductor nanocrystals may be used as fluorescent labels [5]. When coupled to 

bio-molecules, nanocrystals may serve as ultra-sensitive biological detectors [6]. 

However, the nature of the ligand can significantly influence the photophysics of the 

particles [7]. When nanocrystals are incorporated into complex nano-structures, it is of 

increasing importance to know their molecular weight to control the assembly process. 

The relationship between the molar adsorption coefficient and nanocrystal size is also of 

fundamental importance. 

In recent years, CdSe particles have become a model system in nanocrystal research, 

including the effect of quantum confinement on optical properties. The literature [8,9] 

provides a relationship between particle diameter and the absorption spectra for CdSe 

nanocrystals. Schmelz et al. [10] recently showed that the molar extinction coefficient at 

the first exciton peak increases approximately with the third power of the particle 

diameter. 

To date, however, no experimental measurements have been reported to relate the 

molecular weight of a nanocrystal to its size. In this work, membrane osmometry is used 

to measure the molecular weight and the osmotic second virial coefficient of quasi-

spherical CdSe nanocrystals with diameters in the range 2 to 6 nm. We also report the 

effective two-body potential of mean force for pairs of nanocrystals in dilute solution. 

This potential is useful for calculating phase diagrams that can serve as a guide for 

forthcoming applications of nanocrystal technology [11-13]. 
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Materials and Methods 

CdSe particles of different sizes were prepared via high-temperature organometallic 

chemistry [8,9]. A solution of dimethylcadmium and selenium powder in 

tributylphophine (TBP) was injected into liquid trioctylphosphine oxide (TOPO) at 

360°C. The desired particle size was achieved by varying the concentration of reactants, 

the reaction time, and by multiple injections. After some minutes growth at 300°C, the 

reaction was stopped by cooling. The nanocrystals were precipitated by adding methanol. 

Following centrifugation, the supernatant was discarded and fresh methanol was added. 

An additional methanol wash removed residual TOPO molecules, ensuring that only 

surface-bound TOPO would be included in the samples. After vortexing for a few 

minutes, the new solution was again centrifuged and the supernatant was discarded. The 

precipitate was dried under N2 flow. By dissolving dried CdSe nanocrystal samples in 

toluene, solutions with controlled CdSe mass concentration cm [g/l] were prepared. 

Optical absorption spectra were recorded for all nanocrystal solutions of various mass 

concentrations. Fig. 1a shows a typical absorption spectrum. The mean absorption per 

mass concentration was calculated at the first absorption peak, λabs [nm], of the spectrum 

and combined with the molecular weight to find the molar extinction coefficient, Γ (l/mol 

cm) for each sample as shown in Table 1. To determine the integrated oscillator strength 

of the transition, the lower energy side of the first exciton peak was fit with a Gaussian on 

a linear energy scale. This procedure is necessary to compare the absorption strength of 

different-sized nanocrystals as the transition tends to narrow for larger sizes and widen 

for broader size distributions. 

The nanocrystal’s hard-core diameter σ [nm] was either directly measured using 

Transmission Electron Microscopy (TEM, FEI Tecnai 12 120kV) or by using an existing 

correlation between the wavelength of the absorbing peak and nanocrystals size [9]. Fig. 

1b shows a representative TEM image of a sample used in our experiments. 

Osmotic pressures of nanocrystal solutions in toluene were measured with a Jupiter 

Inst. Co. Membrane Osmometer model 231 (Jupiter, Florida, USA) for several 

concentrations in the range 5 to 35 g/l. The cellulose-acetate membrane has a molecular-

weight cutoff at 10,000 g/mole. Solvent was purchased from Fisher and used as received. 
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The osmotic pressure, Π, of a colloidal solution can be expressed by a virial expansion 

in the mass concentration (see, for example, Tombs and Peacoke [14]): 

...1 2 ++=
Π

mm
n

Bcc
MRT

   ,                                                                                                (1) 

where R, T, Mn, B, and cm are, respectively, the gas constant, the absolute temperature, the 

nanoparticle number-average molecular weight, the osmotic second virial coefficient, and 

nanoparticle mass concentration. At low solute concentration, higher-order terms can be 

neglected. 

Dilute solutions of CdSe nanocrystals were prepared in toluene and used shortly after 

preparation to avoid flocculation. For each temperature, fresh solutions were always 

prepared because when stored in toluene at room conditions CdSe nanocrystals tend to 

flocculate, forming high-molecular-weight aggregates. Some test experiments were 

performed after dissolving a weighted amount of CdSe nanocrystals in mixtures 

containing toluene and five-to-ten volume percent excess TOPO. 

B and Mn were obtained from fitting the experimental data to Eq.(1). 

Fig. 2 shows a schematic representation of CdSe nanocrystals considered here. The 

semiconductor core is surrounded by polymer brushes. 

 

Results and Discussion 

Molecular weight 

Table 1 summarizes the experimental results for 19 different nanocrystals. As expected, 

the molecular weight rises with increasing nanocrystal diameter. Fig. 3 shows the 

experimental molecular weights as a function of nanocrystal diameter. The experimental 

uncertainty in molecular-weight determination is about 10-15%. Molecular weights 

below 300,000-500,000 g/mole are determined with somewhat better accuracy. The 

experimental molecular weights are reasonably accurate for nanocrystal size less than 4-5 

nm. For higher sizes, membrane osmometry provides only a rough estimate of molecular 

weight. However, even for lower molecular weights, the results obtained here exceed 

previously reported molecular-weight calculations for nanocrystals. Test experiments for 

nanocrystals dissolved in toluene-TOPO solutions, not reported here for clarity, provided 
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molecular weights as a function of nanocrystal diameter in agreement with those here 

presented. 

As a first approximation, the nanocrystal molecular weight can be directly calculated 

from the hard-core diameter σ and the density of the CdSe semiconductor bulk (δ=5.81 

gcm-3). High-resolution TEM images show that nanocrystals have the same structure as 

bulk CdSe, suggesting the same density [9,15]. The nanocrystal molecular weight is 

calculated by 

3

6
δσ

π
An NM =   ,                                                                                                              (2) 

where NA is the Avogadro number. Results for these calculations are shown as the solid 

line in Fig. 3. 

Because Eq.(2) considers monodisperse spherical nanocrystals, the calculated molecular 

weight scales with the nanocrystal volume, e.g. with the third power of the diameter. 

However, molecular weights calculated from Eq.(2) are significantly lower than those 

from osmometric data, especially for small nanocrystals. In a more realistic 

representation, the sample polydispersity should be accounted for. Instead of using one 

nominal diameter, it would be more realistic to use a Gaussian distribution of nanocrystal 

sizes around a mean diameter, as suggested by UV-vis spectra. However, the 

experimental and the calculated molecular weights cannot be reconciled by considering a 

realistic size distribution with a variance below 15%. 

Eq.(2) neglects the TOPO molecules adsorbed on the nanocrystal surface. A more 

realistic model should take into account the contribution of these molecules to the 

nanocrystal molecular weight. TOPO molecules cannot be resolved by TEM, because the 

contrast is too low; therefore, it is not possible to evaluate the increased CdSe nanocrystal 

diameter due to TOPO coverage. However, the additional molecular weight due to 

adsorbed molecules, ∆Mn, should scale with the nanocrystal surface, i.e. with the second 

power of the nanocrystal diameter, according to: 
2πσβ∆ TOPOn MM =   .                                                                                                           (3) 

In Eq.(3), MTOPO is the molecular weight of one TOPO molecule, 386.7 g/mol, and β is 

a parameter that gives the number of TOPO molecules per unit surface area assuming 

uniform surface coverage. The broken line in Fig. 3 is obtained by adding the 
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contribution due to TOPO surface coverage, Eq.(3), to the molecular weights calculated 

by Eq. (2). A surface coverage β equal to 10 nm-2 was assumed. 

TOPO molecules have a roughly conical shape. By calculating the number of conical 

TOPO molecules that could accommodate on a spherical CdSe nanocrystal, assuming 

that TOPO has a swept-out radius of 0.55 nm and a length of 0.99 nm [9], a value of β 

can be calculated ranging from about 5 for smaller CdSe nanocrystals to about 2 for 

larger ones. However, Katari et al. [9] experimentally showed that the number of TOPO 

molecules bound to a CdSe nanocrystal is larger than that corresponding to this simple 

model, in agreement with our calculations. 

When experimental uncertainty and sample polydispersity are taken into account, 

calculated (Eq.(2)+Eq.(3)) and experimental molecular weights agree reasonably well for 

a substantial surface coverage provided by TOPO molecules. Additional experimental 

uncertainty could be due to the presence of nanocrystal agglomerates in some samples; to 

the observation that smaller CdSe nanocrystals have larger percent TOPO coverage than 

larger nanocrystals [9]; or to the presence of unbound TOPO molecules on the 

nanocrystal surface. 

 

Osmotic second virial coefficient 

Fig. 4 shows experimental osmotic second virial coefficients as a function of 

nanocrystal diameter. Nanocrystals were in toluene solutions at approximately 38°C or 

42°C. Our results suggest that at 40±2°C the osmotic second virial coefficients decrease 

slightly with rising molecular size. However, more experimental data are required to 

draw a definite conclusion. 

Fig. 5 shows experimental osmotic second virial coefficients in toluene as a function 

of temperature. Nanocrystals considered here have molecular weights of approximately 

170,000 or 500,000 g/mol (see Table 1). Even though experimental uncertainty in B is 

significant, our results suggest that B increases with rising temperature. For CdSe 

nanocrystals covered with TOPO in toluene, our results indicate that the theta 

temperature (temperature at which B is zero) is near 35°C, although we have only few 

data below this temperature. When B is positive, solute molecules tend to repel each 

other; when B is negative, solute molecules tend to attract each other. 
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Molecular extinction coefficient and oscillator strength 

The oscillator strength of the first exciton transition in quantum dots is of 

fundamental interest and is closely related to the well-known blue shift of that transition 

with decreasing size. Recently, Schmelz, et al. [10] estimated the size-dependent 

absorption coefficient at the peak of this transition for CdSe nanocrystals. They found 

that the absorption coefficient increases approximately as the third power of the diameter, 

in linear proportion to the volume of the crystal. This result is equivalent to an oscillator 

strength (per CdSe unit) independent of particle size, which may correspond to the 

oscillator strength of bulk CdSe excitons. In contrast, results for CdS [16,17] and for 

CdTe [18] indicate that oscillator strength is enhanced for small particles, yielding 

approximately constant absorption per particle. 

Our data qualitatively agree with those of Schmelz, et al. [10]: molar absorption for 

CdSe particles increases with size. Our results are based on the integrated absorption 

peak, thereby eliminating error associated with the changing width of the peak for 

different sizes and size distributions. This integration also allows comparison with the 

bulk oscillator strength. In bulk CdSe, the two lowest energy excitons have a similar 

oscillator strength near 5 x 10-4 per CdSe unit. While our results indicate that CdSe 

nanocrystals have oscillator strengths in this range, they are not sufficiently plentiful to 

conclude that oscillator strength is size-independent. Our data weakly suggest a slight 

decrease in oscillator strength for smaller particles, in contrast to dramatic quantum 

enhancement for CdS and CdTe due to confinement [16-18]. 

 

Osmotic Pressure from a Perturbed-Hard-Sphere Equation of State 

Nanocrystals are composed of a semiconductor hard core surrounded by adsorbed 

polymer brushes. For such systems, the potential of mean force can be approximated by a 

perturbed potential with a hard-sphere reference system and two perturbations: an 

attractive London dispersion potential, and a short-range interaction potential due to 

polymer brushes on the particle’s surface. London dispersion forces decay with the sixth 

power of the inverse of the center-to-center separation. It is more difficult to specify the 

potential term arising from the adsorbed polymer brushes. The interaction between two 
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flat polymer layers in a good solvent can be calculated as a repulsion decaying with the 

ninth power of the inverse of the separation between layers [19]. However, 

experimentally there is no unique characterization of the force profile between surfaces 

covered by adsorbed polymers. The force profile depends on surface coverage, solvent 

conditions, velocity of approach between the two surfaces, time allowed for the polymer 

molecules to adsorb on the surfaces, etc. [20]. In a first approximation, one could expect 

this interaction to be repulsive, due to the entropic effects of polymer overlap as the 

particles approach. However, in some cases, i.g. if the experimental temperature is below 

the theta temperature for the polymer brush, the expected short-range repulsion can 

become a short-range attraction [19-21]. A similar attraction could arise due to bridging 

of the polymer brush if the polymer brush density on the surface is low [22]. 

To represent this interaction, we simulated an interaction decaying with the ninth power 

of the inverse of the center-to-center separation between nanocrystals. The strength and 

sign of this interaction is used to fit the calculations to the experimental data. 

Based on this simplified description, W(r), the nanocrystal-nanocrystal effective 

potential of mean force is: 

( )






≥





−








<∞
= σ

σσε
σ

r
rkT

H
rkT

r

kT
rW 69

  ,                                                                           (4) 

where r is the center-to-center nanocrystal-nanocrystal distance; σ is the nanocrystal 

diameter; k is Boltzmann’s constant; H is Hamaker’s constant and ε is an adjustable 

parameter. 

Bergstrom [23] computed the non-retarded Hamaker constant with the Lifshitz theory 

for several compounds. For cadmium sulfide in vacuum HCdS=11.0 10-20 J. Bergstrom’s 

value for HCdS in vacuum provides a good approximation for HCdSe toward calculating the 

effective Hamaker constant for CdSe in toluene. Non-retarded Hamaker constants for a 

few hydrocarbons were given by Israelachvili [21]. The average value is about 5 10-20 J; 

we assume this value for toluene (Htol). To obtain the Hamaker constant for nanocrystals 

in toluene, knowing HCdSe in vacuum and Htol, in vacuum, we apply the approximation 

proposed by Israelachvili [21]: 

( 2
tolCdSeff HHH −= )   .                                                                                                 (5) 
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Using this approximation, the effective H is 1.2 10-20 J. 

By applying the random-phase approximation (RPA), the osmotic-pressure data can be 

reproduced with a van der Waals-type equation of state. The reference state is the hard-

sphere system [24]; the perturbation is given by the effective nanocrystal-nanocrystal 

potential of mean force in Eq.(3). The osmotic pressure Π depends on nanocrystal 

number density ρ: 

( )
drr

rkTrkT
H

kT
2

96

3

32

exp12
1

1
⋅






























+






−−⋅+

−
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=
Π

∫
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σ

σεσ
πρ

η
ηηη

ρ
  .                      (6) 

In Eq.(6), η is the packing fraction ( 3

6
σρ

π
⋅=η ). Table 2 gives the parameters used 

to fit Eq.(6) to the experimental data. Here σ is the particle diameter without adsorbed 

TOPO polymer. The only adjustable parameter is ε. 

⋅

Because the experimental data are sometimes affected by possible nanocrystal-

nanocrystal coagulation, Eq.(6) does not always reproduce our osmotic-pressure 

measurements with meaningful values for parameter ε. Nevertheless, Fig. 7 shows 

reasonably good results for the nanocrystals described in Table 2. Results for adjustable 

parameter ε indicate a strong short-range repulsion in two cases, and an additional short-

range attraction in three cases. The short-range repulsion can be explained by entropic 

effects due to overlap of the polymer brushes [19], while short-range attraction may be 

due to bridging of the polymer brushes [19], or to loss of TOPO coverage during sample 

preparation. For example, Mattousi et al. [22] found that smaller particles are more likely 

to present weak attractions due to lower surface coverage. 

For simplicity, one could also reproduce the experimental osmotic-pressure data by 

setting ε=0 in Eq.(4) and by using H as an adjustable parameter. For this latter case, the 

Hamaker constant is indicated by H’. Table 2 gives values for H’. Using H’ (instead of 

H) and setting ε=0, it is possible to calculate osmotic pressures as a function of 

nanocrystal concentration with the same accuracy as that for the results shown in Fig. 7. 

Osmotic pressures calculated with H and ε are very nearly the same as those calculated 

with H’ and ε=0. 
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Conclusions 

Number-average molecular weight and osmotic second virial coefficients are reported 

for quasi-spherical CdSe nanocrystals of size range 2 to 6 nm in toluene in the range 31 

to 45°C. Experimental molecular weights agree reasonably with calculations considering 

a CdSe nanocrystal as a sphere of bulk material with a surface coverage of TOPO 

polymer molecules. The osmotic second virial coefficient for CdSe nanocrystals in 

toluene rises with solution temperature and falls with nanocrystal molecular weight. The 

theta temperature is about 35°C. 

Our experimental results indicate that molar absorption for CdSe nanocrystals increases 

with particle diameter. Our results suggest that the oscillator strength slightly decreases 

with decreasing particle size. 

Experimental osmotic pressures are represented with a perturbed hard-sphere equation 

of state. The perturbation was approximated by a (relatively) long-range (Hamaker) 

attraction and a (relatively) short-range interaction due to adsorbed polymers. The long-

range attraction was described by the Hamaker approximation for semiconductors in 

toluene solutions while the short-range interaction was adjusted to fit the experimental 

data. Our results show that at the experimental conditions considered here, the short-

range interaction can be repulsive or attractive, depending on the sample and on solution 

conditions. The repulsion is likely due to entropic reasons, while the attraction is 

probably due to bridging of TOPO polymer brushes between nanocrystals or to partial 

TOPO coverage of the CdSe nanocrystals. 
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Table 1: Experimental results from membrane osmometry, TEM analysis, and UV-vis 

experiments. σ is the nanocrystal diameter determined by TEM; T is the experimental 

temperature; Mn is the number-averaged molecular weight from membrane osmometry; B 

is the osmotic second virial coefficient; γ is the molecular extinction coefficient in units 

of (g/l)-1 cm-1, while Γ is the molecular extinction coefficient in units of M-1 cm-1. 

 

# σ / nm T / °C Mn / (g/mol) B / (107l mol/g2) γ / (l/g cm) Γ / (l/mol cm) 
1 2.4 42.4 150,000 0.50±0.05 1.84 276,000 
2 2.5 42.5 175,000 0.6±0.1 2.03 355,000 
3 2.6 43 169,000 0.40±0.02 2.52 426,000 
4 2.6 42.8 180,000 0.9±0.1 2.42 436,000 
5 2.7 46 210,000 1.6±0.1 2.29 481,000 
6 2.8 31.3 170,000 -0.45±0.1 2.72 462,000 
7 2.9 39.4 235,000 1.0±0.1 2.44 573,000 
8 3.1 42.4 470,000 0.30±0.05 2.34 1,100,000 
9 3.1 44.4 500,000 1.8±0.8 2.68 1,340,000 
10 3.8 37 600,000 0.75±0.05 2.39 1,430,000 
11 3.8 39.2 290,000 0.12±0.02 1.55 450,000 
12 3.8 39.2 290,000 0.13±0.02 1.63 473,000 
13 4.2 39.8 500,000 0.25±0.05 1.48 740,000 
14 4.3 31 650,000 1.0±0.1 1.55 1,010,000 
15 4.6 36.5 440,000 0.7±0.1 1.6 704,000 
16 4.6 37 550,000 0.15±0.03 1.51 831,000 
17 4.6 42.4 460,000 0.4±0.05 1.39 639,000 
18 5.7 41.6 1,200,000 0.1±0.02 1.31 1,570,000 
19 6.1 38 880,000 -0.08±0.01 1.39 1,220,000 
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Table 2: Parameters σ, H, and ε for Eq.(6) for the osmotic-pressure data presented in 

Fig.7. When ε is set equal to zero and H in Eq.(4) is used as the adjustable parameter to 

fit experimental osmotic pressures, H’ is obtained. Osmotic pressures calculated in the 

two approximations are very similar. 

 

Case Mn g/mol T / °C σ / nm H / kT ε / kT H’ / kT 

I 170,000 31.3 2.8 2.85 -3.6 6.00 

II 170,000 43.0 2.6 2.75 25.0 -10.0 

III 150,000 42.4 2.4 2.75 -1.1 3.61 

IV 550,000 37.0 4.6 2.80 25.0 -10.0 

V 880,000 38.0 6.1 2.79 -2.6 5.04 
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Figure 1: Typical UV adsorption/emission spectrum for a solution of CdSe nanocrystals 

in toluene (Fig.1a), and TEM image of a CdSe sample used in this work (Fig.1b). 
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Figure 2. Schematic representation of a CdSe nanocrystal considered in this work. 

Because of the synthetic route followed to its preparation, a CdSe nanocrystal is 

characterized by a semiconductor core surrounded by TOPO chains anchored to its 

surface. 
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Figure 3: Experimental (points) molecular weight as a function of nanocrystal diameter. 

The solid line gives theoretical molecular weights computed assuming that the density of 

each nanocrystal is equal to that of bulk CdSe semiconductor (5.81 g/cc). The broken line 

gives a theoretical molecular weight computed assuming that each CdSe nanocrystal is 

uniformly coated with 10 TOPO polymer molecules per nm2 of the semiconductor 

surface. 
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Figure 4: Osmotic second virial coefficient as a function of nanocrystal diameter for the 

nanocrystals considered in this work in dilute solution in toluene. Diamonds are for 

nanocrystals in toluene solutions at about at 38°C, squares are for nanocrystals in toluene 

solutions at about 42°C. 
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Figure 5: Experimental osmotic virial coefficients for nanocrystals in toluene as a 

function of experimental temperature. Diamonds are for nanocrystals with molecular 

weight about 500,000 g/mol; squares are for nanocrystals with about 170,000 g/mol 

molecular weight. 
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Figure 6. Molecular extinction coefficient, γ, as a function of nanocrystal diameter. 
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Figure 7: Experimental and calculated osmotic pressure data for nanocrystals in toluene. 

Full circles are for case I nanocrystals in Table 2, empty circles are for case II, squares 

are for case III, triangles are for case IV, and diamonds are for case V in Table 2. Lines 

are obtained by Eq.(6) using parameters σ, H, and ε given in Table 2. 
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