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Directive Leaky-Wave Radiation From a Dipole
Source in a Wire-Medium Slab

Paolo Burghignoli, Senior Member, IEEE, Giampiero Lovat, Member, IEEE,
Filippo Capolino, Senior Member, IEEE, David R. Jackson, Fellow, IEEE, and Donald R. Wilton, Life Fellow, IEEE

Abstract—Radiation features are studied for a grounded
wire-medium slab excited by a simple canonical source, i.e., a
horizontal electric dipole. For the first time, an approximate anal-
ysis based on a homogenized model for the wire medium as well
as a rigorous full-wave analysis of the actual periodic structure
are presented. The homogeneous model takes into account both
anisotropy and spatial dispersion of the metamaterial medium in
the long-wavelength regime. One rather surprising result is that
this structure allows for directive pencil beams at broadside that
are azimuthally symmetric (in spite of the directionality of the
wires). The structure also allows for conical beams that point at a
chosen scan angle, where the beam angle and beamwidth are az-
imuthally independent, and the beam peak in the elevation planes
remains approximately constant during the scanning process, in
contrast with other types of planar leaky-wave antennas. These
remarkable features are explained in terms of the azimuthal
independence of the wavenumber for the leaky mode that is
responsible for the beam.

Index Terms—Artificial dielectrics, directive antennas, leaky
waves, metamaterials, wire medium.

I. INTRODUCTION

THE possibility to achieve directive radiation from simple
sources by employing planar layered structures made of

artificial materials has been studied by several research groups,
from the early investigations by Gupta and Bahl [1], [2] on slabs
hosting periodic layers of metal wires (wire-medium slabs) to
the more recent ones stimulated by the advent of electronomag-
netic bandgap materials and metamaterials [3]–[12].

The wire medium, i.e., a periodic arrangement of parallel in-
finite metal wires embedded in a host dielectric medium, has
been introduced and studied in the 1950s and 1960s [13]–[15] as
an artificial dielectric, which exhibits an equivalent plasma-like
scalar permittivity in the limit of wavelengths large with respect
to the wire spacing and for waves with the electric field polarized
along the wire axis. Assuming very thin wires, the currents on
them can be assumed to be purely axial, and thus the magnetiza-
tion is negligible and the medium can be considered non-mag-
netic.
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More recently, the wire medium has been considered as a
canonical metamaterial structure, which is actually electri-
cally (uniaxially) anisotropic for arbitrarily-polarized fields.
An important result, first pointed out in [16], is that even for
large wavelengths the electric response of the wire medium
is non-local; hence, a homogeneous model has to take into
account not only its anisotropy but also its spatial dispersion,
through a dyadic permittivity that explicitly depends on the
spatial wavenumbers when expressed in the spectral domain.
More complex wire arrangements have also been proposed,
e.g., based on finite wires [17], loaded wires [18], or crossed
configurations with two or three mutually orthogonal lattices
of wires [19]. The homogenization of this kind of media and
the relevant effects of spatial dispersion have been studied in
depth in [19], [20] for infinite bulk metamaterials and in [21]
for metamaterial slabs. Various features of electromagnetic
propagation in such media have also been studied, such as
propagation of plane waves in unbounded wire media [22] and
of surface waves in wire-medium slabs [23].

In [10], a grounded wire-medium slab excited by an electric
line source parallel to the wire axis has been considered. In such
a 2D configuration a purely field is excited, with the elec-
tric field polarized along the wire axis , and thus the homog-
enized metamaterial can be treated as isotropic; conditions for
maximizing radiation at broadside and for achieving high broad-
side directivity have been derived in [10], and they have been
shown to be related to the excitation of a weakly-attenuated
dominant leaky mode supported by the grounded meta-
material slab when its equivalent permittivity is positive and
much smaller than one. In [24], experimental results on highly-
directive antennas based on wire-medium slabs have been pre-
sented. In [25] we have compared the leaky-wave model with
a pure geometrical-optics analysis. In [26] we have shown the
combinations of permittivity-permeability that give rise to high
directivity, whereas in [27] a figure of merit has been intro-
duced to compare radiators based on these metamaterial struc-
tures with more standard Fabry-Pérot antennas.

In this paper, we extend the analysis of [10] by considering a
grounded wire-medium slab excited by an elemental horizontal
electric dipole parallel to the wire axis (see Fig. 1). In this case
the problem is 3D, the excited field is not purely , and
the medium cannot be considered isotropic anymore. A trans-
verse equivalent network (TEN) representation of the structure
is derived here, by adopting a spatially-dispersive dyadic per-
mittivity for the homogenized slab and decomposing the spec-
tral field into its and parts; the transverse network
is then employed to calculate the 3D radiation pattern of the
horizontal dipole via the reciprocity theorem. Numerical results

0018-926X/$25.00 © 2008 IEEE
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Fig. 1. Grounded wire-medium slab excited by a horizontal electric dipole,
with the relevant physical and geometrical parameters; also shown is a uniform
plane wave incident from the direction ��� ��, used in the calculation of the far
field radiated by the dipole based on the reciprocity theorem.

show various peculiar and interesting features, such as the pos-
sibility to achieve narrow omnidirectional beams at broadside,
as well as conical scanned beams with equal beam angles and
beamwidths in all azimuthal planes. These results are then vali-
dated by full-wave simulations of the actual periodic metamate-
rial structure, performed with a method-of-moments approach
that suitably exploits the translational symmetry of the struc-
ture along the wire axis in order to reduce the 2.5D problem of
plane-wave incidence at oblique angles to a purely 2D problem
corresponding to normal incidence.

The propagation characteristics of the dominant leaky
mode (which is responsible for the directive beams) propagating
at arbitrary angles along the wire-medium slab are also studied,
both with the homogenized model and with the full-wave ap-
proach, in order to explain the above-mentioned radiation fea-
tures. One advantage of the leaky-wave point of view is the pos-
sibility to estimate in a simple way the distance at which the
structure can be truncated without deteriorating appreciably the
radiation properties of the infinite structure, since the attenua-
tion constant of the leaky mode essentially determines the am-
plitude decay of the field excited in the slab.

The paper is organized as follows. In Section II the transverse
network model of the grounded wire-medium slab is presented
and used to calculate the 3D far-field pattern of the dipole. In
Section III full-wave results for radiation patterns are reported,
obtained with the method of moments. In Section IV the scan
properties of the conical beam are studied. In Section V the
propagation features of the leaky modes supported by the struc-
ture are discussed. Finally, in Section VI conclusions are drawn.

II. ANALYSIS VIA HOMOGENIZATION

In this section the wire medium in Fig. 1 is modeled as an
effective anisotropic and spatially dispersive homogeneous
medium.

The considered structure is made of layers of periodi-
cally-spaced, infinitely-long and perfectly-conducting circular
cylinders (wires) (with spatial period and cylinder radius )
embedded in a host medium with relative permittivity and
placed above a perfectly-conducting ground plane. The spacing
of the layers is also assumed equal to , and the distance be-
tween the center of the cylinders in the bottom layer and the
ground plane is equal to . An infinitesimal electric dipole
directed along the wire axis and placed at a distance above

the ground plane (with ) is assumed as a source of the
electromagnetic field.

The problem of calculating the far field radiated in an ar-
bitrary direction by the horizontal -directed electric
dipole embedded inside the wire-medium slab can be reduced,
by means of the reciprocity theorem, to that of calculating the

-directed electric field produced at the source location by a
plane wave impinging on the grounded slab from the same di-
rection [28]. In particular, in the far-field region the component

of the electric field (where ) is written as

(1)

The far-field pattern is here calculated via the reciprocity
theorem as , where is the compo-
nent of the electric field at the source location due
to a plane wave with amplitude [28],
impinging from the direction, and polarized along :

(2)

The unit vector is either or , while
with

, and ( is the free-space
wavenumber, i.e., where is the
free-space wavelength and is the speed of light in vacuum).
The reciprocity theorem can also be used to show that the ele-
mentary dipole along the direction, considered in this paper,
cannot excite TEM waves traveling along the wires, because
the dipole is orthogonal to the field of the TEM waves [29].

The power density per unit solid angle (W/sterad) is then
obtained as

(3)

The grounded wire-medium slab is modeled here as a ho-
mogeneous non-magnetic slab of thickness (see Fig. 1). The
choice of the parameter is non-trivial: due to the presence of
fringe fields above and below the top and bottom wire layers,
must be suitably higher than the physical thickness

; here we let , a simple choice that was shown in [30]
to be optimal for modeling plane-wave reflection and transmis-
sion through wire-medium slabs in air.

The spectral dyadic permittivity of the homogenized wire
medium is [16]

(4)

In (4), is the plasma wavenumber, where is
the plasma frequency of the homogenized medium when the
wires are embedded in free space and (since in such a
case the permittivity reduces to a scalar quantity that is formally
the same as the dielectric permittivity of a plasma medium). An
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approximate expression for as a function of the wire radius
and the wire spacing (see Fig. 1) is

(5)

valid for [16].
The homogenized wire medium is thus uniaxial and the de-

pendence of the permittivity on and in (4) indicates the
presence of both temporal and spatial dispersion, respectively.
In the following subsections it will be shown that the spatial dis-
persion plays a crucial role in producing the peculiar radiation
features of the considered structure, and in particular the omni-
directional nature of the radiated beam.

A. Transverse Equivalent Network (TEN)

The field can be decomposed into its and parts,
which correspond to ordinary and extraordinary waves, respec-
tively, inside the slab medium [29]. As noted in [16], for the con-
sidered spatially-dispersive uniaxial medium the effective re-
fractive indices for both ordinary and extraordinary plane waves
are independent of their propagation directions, and are equal to

and , respectively.
The fields inside the wire-medium slab as well as

in free space can be modeled using equivalent transmission lines
(TLs) along the vertical axis, starting from the spectral form of
Maxwell’s equations (an alternative derivation based on Hertz
vector potentials is given in [29, Sec. 3.7]). This TEN model is
valid for plane-wave incidence on the slab structure (used in the
reciprocity calculation of the far field from the dipole source)
as well as for the analysis of modal propagation on the wire-
medium slab. In the TEN, the voltage on the TE line models
for the wave, while the voltage on the TM line models
for the wave.

The air-slab interface is represented by a four-port network,
obtained by enforcing the continuity of the tangential compo-
nents of the electric and magnetic fields at the interface (see [29,
Sec. 3.7]). It should be noted that, since the wires are parallel to
the air-slab interface, no additional boundary conditions are re-
quired; these should be introduced, e.g., in the case of wires or-
thogonal to the interface, as a consequence of the spatially-dis-
persive nature of the wire medium [31]. The complete TEN for
the present problem is then the one shown in Fig. 2, where the
network parameters are

(6)

and

(7)

where and .

Fig. 2. Transverse equivalent network (TEN) for the problem of plane-wave
incidence shown in Fig. 1

The coupling parameter , which is the turns ratio of the
transformers connected at the ports 1 and 3 of the four-port
network (see Fig. 2), depends on the incidence angle of the im-
pinging plane wave as

(8)

This is equal to zero for incidence in the principal planes
and (H and E planes), or for any incidence angle when

; in these cases, there is no coupling at the
air-slab interface.

The incident voltages are proportional to the incident plane
wave as and .
The radiated power is evaluated via (1)–(3) where

(9)

and .

B. Radiation Features of a Homogenized Wire-Medium Slab

From the analysis in [10] we know that, when the
wire-medium slab is excited by an electric line source parallel
to the wire axis, a directive broadside beam is radiated in
the plane when (where is the wavelength of
the extraordinary wave inside the homogenized wire medium,
i.e., ) and maximum broadside power density is ob-
tained by letting . On the other hand, when the slab is
excited by a horizontal electric dipole source parallel to the wire
axis, a simple reasoning shows that the far field radiated in the

plane (i.e., the H plane) is the same as the far field radiated
in the same plane by the line source to within a constant factor;
in fact, in both cases the far field can be computed through the
reciprocity theorem as mentioned above, the only difference
between the two cases being the amplitude of the electric field
of the incident plane wave, which is
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Fig. 3. Radiation patterns in the E plane of a wire-medium slab excited by
a horizontal electric dipole as in Fig. 1, calculated with different homogeneous
models for the slab. Parameters: � � ���mm, � � ���� � � �� � � ����
GHz, � � ���� GHz.

for the line source (see [10]) and for the
dipole. Hence, the conditions and give rise
to a directive broadside beam with maximum broadside power
density also for the dipole excitation (since broadside may be
viewed as a special case of the H-plane pattern).

The radiation pattern produced by the infinitesimal electric
dipole in the E plane (or in any other elevation plane
different from the H plane) cannot be deduced from the anal-
ysis of the line-source excitation, and must be computed di-
rectly through the TEN described in the previous subsection.
In order to illustrate the role of anisotropy and of spatial dis-
persion in shaping the beam radiated by a horizontal electric
dipole inside a homogenized wire-medium slab, Fig. 3 shows
three radiation patterns in the E plane for a structure as in Fig. 1
with periodic layers of cylinders with radius
mm and spatial period mm. The wire medium is mod-
eled as i) an isotropic medium with scalar relative permittivity

(dashed line with circles); ii) a uniaxial
anisotropic medium with optical axis along and principal rel-
ative permittivities (along ) and
(along and ) (dashed line); and iii) a uniaxial anisotropic and
spatially-dispersive medium with dyadic permittivity as in (4)
(solid line); the plasma frequency is GHz (see (5))
and the relative permittivity of the host medium is ; the
equivalent thickness is mm and .
The radiated power density in watts per steradian is shown in
dB, relative to one watt per steradian. It can be noted that the
anisotropic, but not spatially-dispersive, model produces a much
wider beam than the isotropic model. The introduction of spa-
tial dispersion in the anisotropic model produces an evident nar-
rowing of the beam, which becomes almost equal to the beam
obtained in the isotropic case (except for the absence of a narrow
dip occurring at , where the level of radiation is anyway
much lower than at broadside). Although Fig. 3 shows the role
of spatial dispersion in narrowing the beam, it is not intended as
a validation of the homogenization process, that will be demon-
strated later by comparisons with full-wave simulations.

A ray-optics explanation that partially accounts for the high
directivity is based on observing that rays emitted by the source

Fig. 4. Normalized radiation patterns in the principal planes for a horizontal
electric dipole embedded in a grounded wire-medium slab. Parameters as in
Fig. 3.

refract at the interface between wire medium and air, and pro-
duce rays in the air region confined in a narrow angular range
close to broadside [6], [25]. This happens for the isotropic as
well as for the anisotropic and spatially-dispersive models,
whereas they are spread out in the entire angular range for the
anisotropic but not spatially-dispersive model. However, a more
complete explanation of the underlying radiation mechanism,
that takes into account the multiple bounces of the rays inside
the grounded slab, is provided by the properties of the leaky
modes presented in Section V.

In Fig. 4, radiation patterns in the principal planes
(H plane), (D plane), and (E plane) are
presented for a structure as in Fig. 3 [modeled through (4)] at
the optimum frequency GHz for which the broadside
power density is maximum (an approximate formula for the op-
timum frequency is given in [10]). The three radiation patterns
are almost identical, showing that the considered wire medium
is a promising candidate for obtaining narrow omnidirectional
pencil beams pointing at broadside, employing a simple finite
source.

III. FULL-WAVE ANALYSIS VIA METHOD OF MOMENTS

In order to validate the results obtained with the homoge-
nized model of the wire-medium slab, actual periodic metama-
terial slabs have been simulated with air as the host medium,
i.e., .

The radiation pattern produced by a -directed dipole source
has been calculated by means of the reciprocity theorem as in
Section II, considering a plane wave incident on the periodic
structure and calculating the -directed electric field at the
source location. The current excited on the metal cylinders
has been calculated with a method of moments (MoM) dis-
cretization of the relevant electric-field integral equation. The
periodicity along the direction allows us to consider only
one spatial period (unit cell) of the structure, employing a
one-dimensional periodic Green’s function, suitably acceler-
ated with the Ewald method [33]. Pulse current basis function
directed along are used, defined on a polygonal approxima-
tion of the circular cross-section of the wires. Since the electric
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Fig. 5. Radiation patterns (in dB with respect to one W/sterad) for a horizontal
electric dipole embedded in a grounded wire-medium slab. MoM results with
� � � layers, � � ��� mm, � � �� mm, � � ���.

dipole source is parallel to the cylinder axis and ,
the excited field is purely TM with respect to the axis of the
wires. Furthermore, the translational symmetry of the structure
along the direction and the homogeneity of the host medium
allows for the calculation of the current on the cylinders for an
arbitrary direction of propagation of the incident plane wave
(2.5D problem) by suitably modifying a code written for the
normal-incidence case (2D problem). Details of this procedure
are given in Appendix I.

In Fig. 5, results for the radiation patterns in the principal
planes are reported for a structure with periodic layers of
cylinders with radius mm and spatial period mm
(this structure corresponds to the homogenized structure consid-
ered in Figs. 3 and 4 having GHz). The dipole source
is placed in the middle of the slab , equidistant from
the four nearest cylinders. In particular, three frequencies are
considered, i.e., GHz, GHz, and GHz.
At the first two frequencies, a pattern pointing at broadside is
obtained. At each frequency, the radiation pattern has the same
beamwidth in the two principal planes. This confirms the pos-
sibility to achieve almost omnidirectional directive radiation at
broadside, as expected from the results obtained in the previous
section through the approximate procedure based on the homog-
enization of the wire medium. The result at GHz shows
a conical beam, with a maximum at ; again, the patterns
in the principal planes are very similar, i.e., both the pointing
angles and the beamwidths, as well as the level of the maxima,
are almost the same. This confirms that almost omnidirectional
conical beams can be radiated by a horizontal dipole source, a
feature due to the spatial dispersion of the wire medium.

IV. CONICAL BEAM SCANNING

It is interesting to consider the beam scanning obtained by
increasing the operating frequency with respect to the optimum
frequency for broadside radiation. In Figs. 6 and 7, radiation
patterns in the principal planes are shown for a structure as in
Fig. 5 at different frequencies obtained through both the ho-
mogenized model [see Figs. 6(a) and 7(a)] and the full-wave

Fig. 6. Radiation patterns for a horizontal electric dipole embedded in a
grounded wire-medium slab with parameters as in Fig. 5 at different operating
frequencies in the H plane. (a) Homogeneous model, (b) full-wave MoM. Ho-
mogenized-model parameters: � � ��� mm, � � ���� � � �� 	 � ����
GHz.

approach [see Figs. 6(b) and 7(b)]. It can be seen that as the fre-
quency increases, the main beam scans from broadside to end-
fire, and secondary lobes start to appear from broadside. These
are typical features of leaky-wave radiation and, in particular,
the secondary lobes are due to the excitation of higher-order
leaky modes (the role of leaky waves will be illustrated in more
detail in Section V).

As concerns the agreement between the homogenized model
and the full-wave results, it can be noted that it is very good
and independent of the observation angle in the E plane, while it
tends to deteriorate for large observation angles and for high fre-
quencies in the H plane, where a substantial difference is found
at 8 GHz. This can be explained observing that, when the scan
angle is increased in the H plane, the wavelength of the inci-
dent field in the direction (i.e., in the direction of periodicity
orthogonal to the wires) decreases, thus progressively reducing
the validity of the homogenization procedure since the ratio of
the spatial period to the transverse wavelength becomes larger.
On the other hand, when the scan angle is increased in the E
plane, the wavelength of the incident field decreases only in the

direction (i.e., parallel to the wires), along which the structure
is translationally invariant; hence, in this case the validity of the
homogenization procedure is not affected.
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Fig. 7. As in Fig. 6 in the E plane.

During the scanning process, the beam angle and the
beamwidth in the principal planes remain equal to each other;
however, the peak field value increases in the H plane (see
Fig. 6) but remains constant in the E plane (see Fig. 7). For
scan angles up to about 30 degrees the peak power radiated
in the E- and H-planes is approximately equal, and hence
almost perfectly azimuthally symmetric conical beams are
obtained. These features are very remarkable and should
be contrasted with the behavior of 2D leaky-wave antennas
based on Fabry-Perot cavities with partially-reflecting surfaces
(PRSs), in which the beamwidths in the principal planes (and
thus the pattern bandwiths) are generally different when the
beam is scanned off broadside [32]. Therefore, the conical
beam radiated from the considered homogenized wire-medium
slab exhibits a higher degree of omnidirectionality with respect
to PRS-based structures. This is due to the special spatial
dispersion of this medium, as will be seen in Section V.

It is also worth comparing these scanning features
with those of an isotropic plasmonic grounded slab with

excited by the same source. The radiation
patterns in the H plane are equal to those calculated with
the anisotropic and spatially dispersive model [see Fig. 6(a)],

Fig. 8. As in Fig. 7(a) for an isotropic plasmonic grounded slab with � �

� � � �� .

since the plane wave impinging on the wire-medium
slab with , considered in the calculation of the pattern
via reciprocity, has the electric field parallel to the wires and
thus sees the medium as being effectively isotropic [see (4)].
On the other hand, the scanning process in the E plane, illus-
trated in Fig. 8, is dramatically different, due to the different
characteristic impedance of the equivalent TL inside the slab;
while a good agreement between the purely isotropic and the
anisotropic-spatially dispersive models had been found when
the beam points at broadside (see Fig. 3), a progressive degra-
dation of the beam can be observed in Fig. 8 as the frequency
(and hence the scan angle) is increased, with increasing levels
of secondary lobes and the occurrence of undesired nulls.

V. LEAKY MODES

In this section the radiative features illustrated in
Sections II–IV are explained in terms of leaky modes sup-
ported by the grounded wire-medium slab, adopting both a
homogenized model as in Section II and a MoM full-wave
analysis as in Section III.

A. Analysis Via Homogenization

It is known from previous studies (see [10]) that in the 2D
problem of a wire-medium slab excited by a line source the
enhanced broadside directivity (achieved when and

) is due to the excitation of a leaky mode (this
notation means that the mode is both and , since the
electric field is in the direction). This leaky mode has equal,
and small, values for the phase and attenuation constants. In the
present 3D configuration, radially-propagating cylindrical leaky
waves have to be considered instead.

The TEN in Fig. 2 is used to determine the (generally com-
plex) wavenumber of a mode traveling along the
slab as , at an angle with respect
to the axis. The analysis is carried out without plane-wave ex-
citation, searching for the eigenmodes. The semi-infinite TLs in
the air region of Fig. 2 can be replaced by their characteristic
impedances, and the modal dispersion equation can be found
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by enforcing the transverse resonance condition of the resulting
network. The result is

(10)

where the normalized characteristic impedances
can be calculated according to (6) and (7) with

and (and ). It can
be noted that, in the absence of coupling at the
air-slab interface (i.e., when ), (10) can be factored
into the product of two dispersion equations for purely
modes and purely modes

. In the presence of
coupling (i.e., when ) the slab modes are generally hybrid.
Leaky modes are found by choosing the improper determina-

tion for the vertical wavenumbers , i.e.,
the one with a positive imaginary part, corresponding to fields
that grow exponentially at infinity in the positive transverse

direction. The improper nature is typical for a leaky wave.
This well-known property does not mean that the leaky mode
is non-physical, since the leaky-mode fields excited by a source
only exist within an angular region of space, defined by the
phase constant (see [34] for more details).

We consider first the case of wires in vacuum, i.e., .
Since , according to the above discussion and
modes can exist separately. Since a field does not interact
with the wires and ‘sees’ an equivalent permittivity equal to that
of the host medium, for such a polarization the slab simply does
not exist; hence no modes can be supported by the struc-
ture. On the other hand, the dispersion equation for modes
becomes

(11)

The dispersion equation can be reduced by equating to zero the
bracketed term in (11) which, most remarkably, does not depend
on the mode propagation angle , since the vertical wavenum-
bers and only depend on the radial wavenumber . This
means that the leaky-mode wavenumber is the same in all di-
rections (in particular, when this mode is the mode
that would be excited by a line source in a 2D problem as consid-
ered in [10]). Therefore, in spite of the apparent directionality
of the wire medium, propagation of (i.e., extraordinary)
modes along the slab is omnidirectional. This can be seen ac-
tually as a direct consequence of the isotropy of extraordinary
plane-wave propagation in an unbounded wire-medium space,
pointed out in [16], taking into account that any modal field in-
side the slab can be decomposed into the sum of two plane waves
bouncing between the ground plane and the air/wire-medium in-
terface, and that no coupling occurs at that interface.

The omnidirectional leaky-wave propagation explains the ra-
diative features found in the previous sections. In particular,
the omnidirectionality of the beam radiated at broadside when

Fig. 9. Normalized phase ���� � and attenuation ���� � constants of the first
three leaky modes of odd order supported by a wire-medium slab modeled as
a homogeneous anisotropic spatially-dispersive medium, as a function of fre-
quency. Parameters as in Figs. 6 and 7. Legend: Solid line: phase constant;
Dashed line: attenuation constant.

is a direct consequence of the independence of the
leaky-mode wavenumber of the azimuthal angle , so that the
optimum condition holds in all directions. When fre-
quency is increased, we have that (see Fig. 9) and
the beam scans in all azimuthal planes with the same beam
angle , since this is related to the leaky-mode phase con-
stant ( when ), and also with the same
beamwidth , since this is related to the leaky-mode atten-
uation constant. In Fig. 9 the dispersion curves for the first three
leaky modes of odd index (the modes are numbered according
to increasing values of attenuation constant) for the structure
considered in Figs. 6 and 7 are shown; in particular, it can be
verified that at each frequency the pointing angle of the main
beam in Figs. 6 and 7 is well predicted by the value of the phase
constant of the dominant leaky mode (solid line 1 in Fig. 9),
while the pointing angle of the secondary lobes is related to the
values of the phase constants of the higher-order leaky modes
(solid lines 3 and 5), thus further confirming the leaky-wave na-
ture of the radiation. Although not reported in Fig. 9, it can be
shown that the nulls in the radiation patterns in Figs. 6 and 7 are
related to the leaky modes of even index [10]. Finally, it should
be noted that since , according to the above consider-
ations, the dispersion behavior of the involved leaky modes is
the same in all the azimuthal planes: in other words, and
are -independent.

It is interesting to compare this behavior with that of a di-
electric-layer leaky-wave antenna, as studied in [35], which is
also capable of producing either a pencil beam at broadside
or a conical beam at some scan angle. For the dielectric-layer
leaky-wave antenna the broadside pencil beam will also be om-
nidirectional, but the beam is now due to a pair of leaky modes,
one and one , which determine the E- and H-plane
patterns, respectively. For the wire-medium slab a single
leaky mode determines the pattern in both planes. For a con-
ical beam that is scanned off broadside, the beam angles and
beamwidths will be different in the principal planes for the di-
electric-layer leaky-wave antenna, becoming more different as
the scan angle increases. Interestingly, the anisotropy and spatial
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Fig. 10. Normalized phase ���� � and attenuation ���� � constants of the
dominant leaky mode supported by two grounded wire-medium slabs modeled
as homogeneous and anisotropic spatially-dispersive media, as a function of the
propagation angle �. Parameters: � � ��� mm, � � ���� GHz, 	 � 	
(and � � ���� GHz) or 	 � 
 (and � � ���	 GHz).

dispersion of the wire medium exactly compensates for the dif-
ferent propagation behavior in the principal planes that occurs
with isotropic layers, leading to a completely omnidirectional
propagation behavior.

When the host medium of the wires has , the leaky-
mode wavenumber depends on the mode propagation angle

. In Fig. 10 the wavenumber is reported as a function of for
two slabs with mm, GHz and
or , for the frequencies at which the phase and atten-
uation constants of the leaky mode are equal for propagation
in the H plane . A rather weak dependence of the
wavenumber can be observed in both cases, due to the modest
amount of coupling at the air-slab interface. The
dominant leaky mode is a quasi- mode, whose complex
wavenumber is shown in Fig. 10. In this case a quasi- mode
also exists; however, it has a very large value of the attenuation
constant, not shown here, so that it would not give any appre-
ciable contribution to radiation.

B. Full-Wave Analysis

The method-of-moments procedure described in Section III
for the calculation of the far-field patterns has also been em-
ployed to rigorously study the propagation of leaky modes along
the actual periodic wire-medium slab. In this case the homo-
geneous (no excitation term) electric field integration equation
(EFIE) is discretized, with the impedance matrix of the resulting
linear system depending on the unknown modal wavenumber

. This is then found through a numerical root search for the
complex zeros of the determinant of the impedance matrix.

In Fig. 11 a comparison is presented, for the case , be-
tween the dispersion curves of the dominant leaky mode
calculated with the homogeneous model and those calculated
with the full-wave approach, for the same structures as in Figs. 6
(or 7) and 5, respectively, for propagation in the di-
rection. A good overall agreement can be observed, although a

Fig. 11. Normalized phase ���� � and attenuation ���� � constants of the
dominant leaky mode supported by a wire-medium slab: comparison between
the homogenized model (parameters as in Figs. 6 and 7) and full-wave results
(parameters as in Fig. 5).

Fig. 12. Normalized phase ���� � and attenuation ���� � constants of the
dominant leaky mode supported by a wire-medium slab as in Fig. 5, calculated
with the full-wave approach for three propagation angles: � � � (H plane),
� � 	� (D plane), and � � 
� (E plane).

frequency shift exists between the full-wave and homogenized
results, which could in part be due to the choice of the equiva-
lent homogenized-slab thickness .

In Fig. 12 full-wave results are presented for the dispersion
diagrams of the dominant leaky mode propagating in the
principal directions (H plane), (D plane),
and (E plane). As predicted by the homogenized
model, when an actual wire medium is considered these dis-
persion curves are almost superimposed, thus confirming the
omnidirectional nature of modal propagation along the wire-
medium slab. It is interesting to note that this property can be
established theoretically by considering the Green’s function
for the actual periodic grounded wire-medium slab [33] in the
limit of vanishingly-small wire spacing: in fact, in this limit the
modal wavenumber can be shown to become independent of the
azimuthal angle . Hence, the omnidirectionality property of
mode propagation, which is an exact property in the approxi-
mate homogenized model, turns out to be asymptotically exact
(for vanishing period and wire radius) in the periodic model.
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VI. CONCLUSION

In this paper the radiation from a dipole source embedded
in a grounded wire-medium slab has been studied, with both a
homogeneous model (which takes into account the anisotropy
and the spatial dispersion of the effective medium) and a full-
wave analysis of the actual structure via a periodic method-of-
moments procedure.

The surprising characteristic of omnidirectional directive ra-
diation is shown here for the first time and is interpreted in
terms of a leaky mode supported by the structure. This explana-
tion in terms of a leaky mode provides physical insight into the
mechanism of radiation, it allows for a simple design rule (not
discussed here) for determining the physical parameters of the
structure in order to realize a given beamwidth, and it also allows
for a simple estimation of the distance from the source at which
the structure can be truncated with negligible edge-diffraction
effects.

The results obtained with the full-wave analysis for both the
radiation patterns and the dispersion behavior of the dominant
leaky mode confirm the predictions of the homogenized model.

As a final remark, the idealized infinitesimal dipole consid-
ered here as a source provides a good model for practical feeds
such as a short linear antenna or a printed dipole. It is worth
noting that in this structure the source has mainly the role of a
launcher for the relevant leaky mode responsible for the radia-
tion pattern of the antenna. On the other hand, a study of the
input impedance of a practical feed cannot be achieved with
the simple homogenized model considered in this work, but
would require a detailed calculation of the interaction between
the source and the individual elements of the wire-medium lat-
tice.

APPENDIX I
INTEGRAL-EQUATION FORMULATION FOR OBLIQUE INCIDENCE

ON PEC CYLINDERS

In this Appendix the integral-equation formulation for
oblique incidence of a plane wave on a 2D PEC cylindrical
structure is presented. In particular, it is shown how re-
sults for oblique incidence can simply be obtained from a
method-of-moments code written for the normal-incidence
case.

The EFIE for current on a single 2D PEC cylinder invariant
along the axis and illuminated by a field with -variation of
the form is

(12)

for . Here, is the surface
current on the boundary of the cylinder cross section,

is the incident electric field,
, where , is the position vector,

is the Green’s function for

the 2D Helmholtz equation, is the transverse
distance between source and observation points, and
are the wavenumber and the characteristic impedance of the
medium surrounding the PEC cylinders,

, and is the direction tangential to .
In the case , thus (12) becomes, after projection

onto the and directions

(13)

(14)

The first equation of this pair is a dependent equation that
actually follows from the second, as can be seen by applying the
operator to both sides of the latter and using the
fact that, for waves, . The second
is an integral equation for the current that differs only
trivially from the normal incidence case, as discussed below.

If one uses the second integral equation to determine the cur-
rent, then the -component of the scattered electric field at a
point is given by

(15)

Clearly the oblique incidence case differs from the normal in-
cidence case only by an interchange of the symbols and .
Note that the excitation term of the integral (14) does not need
to be rescaled: the magnitude of the -component of an incident
plane wave field varies as whereas the recip-
rocal of this factor appears as a multiplier of the incident field
on the RHS of (14). Hence the excitation function is angle-inde-
pendent. On the other hand, in computing the scattered electric
field, the same wavenumber rescaling is used as in determining
the current but, as (15) illustrates, the result should then be mul-
tiplied by the factor .

Finally, the possibility to treat the problem of oblique inci-
dence of a plane wave on a periodic array of cylinders with a
normal-incidence code can be established with a reasoning sim-
ilar to the one presented above for the single-cylinder case, since
the periodic case is simply a collection of cylinders, so that the
contour is now an infinite set of circular contours.
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