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We explore the two-photon double ionization of beryllium induced by ultrashort pulses. We use
a time-depedent formalism to evaluate the ionization amplitudes and generalized cross sections for
the ejection of the 2s2 valence shell of atomic beryllium in the presence of a fully-occupied 1s2 core
shell. The similar symmetry of the overall process in two-photon double ionization permits a direct
comparison between our results for Be and previous work on He atom in [1], revealing details about
the nature of electron correlation within these two atoms manifested in the continuum electron
dynamics. We explore the contributions from direct and sequential double ionization of beryllium.
Different from the helium-like process, the sequential double ionization process reveals a dominant
pathway via excitation ionization through the Be+(2p), which strongly determine the profiles and
pulse-duration dependencies of the energy and angle differential cross sections.

I. INTRODUCTION

Investigations of the interaction of atoms and
molecules with ultrashort laser pulses has grown dra-
matically since experimental methods have advanced the
production on nonlinear optical sources with high intensi-
ties [2–6]. More specifically, a complete understanding of
double ionization processes of atomic targets by absorp-
tion of one or few XUV photons has been the subject
of many theoretical works in the last years and has of-
ten advanced experimental work in this field. Because
both electrons are simultaneously ejected into the con-
tinua, these studies are expected to shed light on the
role and importance of electron correlation in atoms.
The simplest system for such study, atomic helium, has
seen the contribution of many theoretical treatments (see
[7] and references therein) to elucidate the first experi-
ments conducted with free electron laser sources (FELs)
[8] and high-harmonic generation (HHG) [9, 10]. Beyond
helium and other purely two-electron targets, however,
the increasing demands of accurately representing more
complicated atomic targets grows as additional electrons
must be appropriately accounted for. Very few reliable
ab initio theoretical works for multielectron targets are
available for one-photon double ionization of atoms like
Be or Mg [11–13], and there are even scarcer the studies
for double ionization upon two photon absorption [14].
From an experimental point of view, two-photon double
ionization processes bring the challenge of measuring a
minor contribution with respect to the also present sin-
gle ionization channel. Therefore, it implies the necessity
of coincident measurements of electrons and ions to un-
ravel the different energetically-open processes. More-
over, two-photon experiments require a coherent light
source in the XUV region involving techniques that con-
trol the polarization, wavelength, phase and intensity
of the pulse. Such challenges have been overcome by
a few experimental works and two-photon double ion-

ization measurements are now available for neon using
FEL light [15] or in Kr or Ar [16] and more recently in
xenon [17] using HHG techniques to explore the autoion-
izing intermediate states. Towards better understanding
the multi-electron dynamics of these more complicated
atomic targets, we seek to explore the two-photon dou-
ble ionization of Be induced by ultrashort pulses with
durations shorter than a few fs. We present results for
different energies and angles for the emitted electrons,
and discuss the information that can be retrieved from
these differential quantities.

Our goal is also making connection with the previous
body of work investigating helium in order to elucidate
the fundamental role of electron correlation for atoms
that share a similar electron configuration, and there-
fore, represent the same initial and final state symme-
try undergoing a two-photon absorption. Aside from the
similar consequences of the initial state 1S symmetry of
both targets and selection rules which make this a natu-
ral analogue of the more well-studied helium, the inher-
ent energetics of double photoionization of the valence
electrons of beryllium is expected to have profound con-
sequences on the mechanism of double photoejection rel-
ative to helium. In particular, the role of sequential ion-
ization (where the first photon singly ionizes the neutral
beryllium and the second photon ejects the second elec-
tron from the intermediate cation) is energetically open
much closer to the double ionization threshold where a
non-sequential (direct) absorption of the two photons is
the only means to the double continuum. The conse-
quences of non-sequential vs. sequential ionization have
been well-studied in helium with focus on the role of elec-
tron correlation, for which it is absolutely necessary to
describe accurately the correlated dynamics for the for-
mer but less important in the latter. For beryllium, sub-
stantially less analysis of the non-sequential and sequen-
tial mechanisms has been previously reported [14]. We
thus include a complete study of such mechanisms with
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specific interest on the pulse duration effects. Together
with accurate theoretical calculations we discuss the suit-
ability of simple models to reproduce some important
features appearing in the two-photon double ionization
observables.
In the first section, we review the theoretical method

and relevant computational details for the specific case
of two-photon double ionization on frozen-core multielec-
tron targets. In section III, we discuss the differences
in the role of non-sequential and sequential ionization
mechanisms compared to helium, as well as how beryl-
lium provides some unique features that can further eluci-
date how electron correlation impacts the apparent cross
sections discussed in greater detail in section IIIA and
section III B. Brief conclusions follows in section IV.

II. THEORY

A time-dependent treatment is required to explore
the two-photon double ionization of beryllium induced
by ultrashort pulses. The methodology here employed
combines an accurate description of the multielectron
wave-function, as introduced in our previous works for
time-independent problems on lithium and beryllium
[18, 19], with the time-dependent approach and the ex-
terior complex scaling (ECS)-based amplitude extraction
method both initially developed for helium and detailed
in Refs. [20, 21]. This time-dependent formalism for
frozen-core multielectron targets has been recently used
to successfully describe the one-photon single and double
ionization of Be in [22], where we found a good agreement
with previous theoretical results and experimental data
available. In the following, we give a highlight of the
four-electron target representation and focus on the rel-
evant details in the implementation to take into account
the action of the ultrashort pulse.

A. Time-dependent four-electron wave-function

The interaction of a finite pulse with the atomic target
is described by solving the time-dependent Schrödinger
equation (TDSE)

i
∂

∂t
Ψ(t) = H(t)Ψ(t), (1)

where H(t) = H +V (r, t) is the full Hamiltonian (Eq. 4)
for the beryllium valence electrons plus the interaction
term with the field V (r, t). Employing the dipole approx-
imation in the length gauge, we describe the laser-atom
interaction by V (r, t) = E(t) · r, where the time-varying
electric field E(t) for a short pulse with duration T is

E(t) =

{

E0F (t) sin(ωt)ǫ̂, 0 ≤ t ≤ T

0, otherwise
(2)

where ω and E0 are the central frequency and the
maximum electric field amplitude of the pulse, respec-
tively. We have chosen a sine-squared envelope, F (t) =
sin2(πt/T ), to account for a finite pulse length of T with
a smooth switch-on/switch-off of the field.
We write the four-electron wave-function explicitly,

which is essentially different from previous theoretical
works performed on double ionization of beryllium where
the 1s2 core is treated using model potentials or pseudo-
potentials [14, 23]. In our description, the wave function
for the four electrons of beryllium is expanded as

Ψ(t) =
∑

i,j

Ci,j(t)

∣

∣

∣
ξi(r1)Y

mi

li
(Ω1) ξj(r2)Y

mj

lj
(Ω2)ϕ1s(3)ϕ1s(4)

∣

∣

∣

(3)

where the inner-shell 1s2 electrons are held fixed in
the expansion configurations (i.e., frozen-core approxi-
mation), and consequently the expansion coefficients will
only depend on the valence 2s2 electrons that will be
ionized into the continuum. This description is valid be-
cause of the large energetic separation between the va-
lence and core electrons and their role can be described
by a closed-shell interaction potential. Thus, the relevant
Hamiltonian for the valence electrons becomes (in atomic
units)

H = h(1) + h(2) +
1

r12
+ Ecore, (4)

where 1/r12 is the repulsion of valence electrons and the
impact of the static 1s2 core is accounted for in each
one-body operator h,

h = T −
Z

r
+ 2J1s −K1s, (5)

where T is the one-electron kinetic energy, the nuclear
attraction is −Z/r with a nuclear charge Z = 4, and
2J1s and K1s are the direct and exchange interactions
of each valence electron with the 1s2 core, respectively.
Because each determinant in Eq. 3 contains the same 1s
orbital, the last term in Eq. 4 accounts for the energetic
contribution of 1s2 core,

Ecore = 2ǫ1s + J1s, (6)

where ǫ1s is the orbital energy of each 1s electron. Since
our focus is on the valence electrons, the constant core
energy is factored off and the zero-point for the double
ionization energy in what follows is referenced to the ion-
ized electrons infinitely separated from the Be2+ residual
dication.
In order to construct the wave function with occupied

inner-shell orbitals as in Eq. 3 and maintain a compu-
tationally efficient and flexible description of the ionized
electron dynamics at distances far beyond the nuclei, we
employ a discrete variable representation with finite el-
ements (FEM-DVR) [24] radial basis for all electrons.
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This requires the construction of a number of atomic or-
bitals out of the underlying FEM-DVR radial basis,

ξα(r) =

M
∑

j=1

Uαjχj(r), (7)

where the radial atomic orbital basis ξα(r) is expanded
in the FEM-DVR radial functions χj(r) via the unitary
transformation matrix Uαj . Since the occupied atomic
orbitals have limited extent, we rely on the the finite
element nature of the underlying radial basis to only re-
construct the orbitals in Eq. 7 over the innermost regions
near the nuclei, i.e. over the radial extent of the 1s or-
bital. Beyond that region, and in particular over the ra-
dial distances necessary to describe ionization processes,
the primitive FEM-DVR basis is untransformed. The
main advantage here is that local potentials, particularly,
the two-electron repulsion, retains its diagonal radial rep-
resentation over large portions of the radial space. This
framework accommodates an efficient description of the
radial coordinates of the outgoing electrons while permit-
ting a limited number of atomic orbitals to describe the
core interactions with those electrons held fixed in the
expansion determinants of Eq. 3.

Our representation of the inner-shell atomic orbitals
on a double ionization grid provides an appropriate bal-
ance to accurately represent the core direct and exchange
potentials that the outgoing electrons experience while
maintaining flexibility and efficiency in describing the
long-range dynamics far from the nuclei. It is worth
remarking that, after solving the TDSE, the extrac-
tion of double ionization amplitudes from the propagated
wave-function Ψ(t) in Eq. 3 requires the use of the same
frozen-core potentials to remove accessible single ioniza-
tion components at a particular final-state total energy
E. In the following, we review the formalism employed
to extract those amplitudes and to define the general-
ized cross sections for the specific problem of two-photon
double ionization.

B. Two-photon double ionization amplitudes

Beyond the end of the pulse, the time evolution of the
wave function, Ψ(t > T ), is governed only by the field-
free Hamiltonian H of Eq. 4. To extract any spectral in-
formation, we first need the asymptotic form of the wave
packet, i.e. to carry out an implicit integration from
t = T through t = ∞ and, then, a Fourier transform
to obtain the scattering function at a given final energy,
E. As previously demonstrated in Refs. [20, 21], instead
of performing a numerical integration, one can formally
compute the scattering function for electrons ejected at
a given total energy E by solving the time-independent
Schrödinger equation using as the initial condition the
time-propagated wave function, Ψ(t ≥ T ). Therefore,
the problem can be written as the following driven equa-

tion:

(E −H)Ψ+
sc(r1, r2) = Ψ(r1, r2, T ), (8)

where the time-propagated wave packet contains the in-
formation on all significantly populated spectral compo-
nents from the action of the ultrashort pulse. This wave
packet can then be formally decomposed as

Ψ(r1, r2, t > T ) =

ψbound(r1, r2, t) + ψsingle(r1, r2, t) + ψdouble(r1, r2, t) =

ψbound(r1, r2, t) +
∑

n

∫

d3kn C(kn)ψ
−

kn
(r1, r2)

+

∫∫

d3k1d
3k2 C(k1,k2)ψ

−

k1,k2
(r1, r2).

(9)
The solution of the driven equation in Eq. 8 extracts
the information for the given energy E from all com-
ponents (bound, single and double ionization compo-
nents). Because we are interested in the ionization com-
ponents, we will use exterior complex scaling (ECS) to
enforce the correct outgoing-wave boundary conditions
for Ψ+

sc(r1, r2) (see Ref. [25] for details). Solving the
driven equation with ECS extracts the second and third
terms in the formal expansion of Eq. 9 at total energy E.
Once we have identified the amplitudes in the asymptotic
form of the scattering wave, we can separately compute
them for double (or single) ionization, by employing a
well-tested formalism that reduces the problem to the
solution of a simple surface integral [20, 25]. The dou-
ble ionization amplitude C(k1,k2) for ejecting two va-
lence electrons with momenta k1 and k2 and yielding
the frozen-core Be++ dication, is thus given by

C(k1,k2) =
1

2
eiγ

∫

{

φ−∗

k1
(r1)φ

−∗

k2
(r2)∇Ψ+

sc(r1, r2)

−Ψ+
sc(r1, r2)∇[φ−∗

k1
(r1)φ

−∗

k2
(r2)]

}

· dS,

(10)
where we need to carefully chose the appropriate test-
ing functions, φ−∗

k1
(r1)φ

−∗

k2
(r2), that eliminate all other

components in Eq. 9 by orthogonality [20, 25, 26]. The
individual testing functions φ−

k
(r) represents a contin-

uum solution of the one-body Hamiltonian in Eq. 5 that
asymptotically sees a nuclear charge of Z = 2. Thus, the
other role of properly accounting for the frozen-core 1s2

electrons is to perfectly screen the bare nuclear charge of
beryllium at long distance to account for the the residual
charge seen by the outgoing electron(s). Note that the γ
in Eq. 10 is a volume-dependent phase that imparts no
physical consequences [26].

C. Generalized differential cross sections

We employ time-dependent perturbation theory
(TDPT) to define double ionization amplitudes. The
propagated wave packet, after the interaction with a sin-
gle pulse, is utilized to extract double ionization ampli-
tudes over an energy range consistent with the bandwidth
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of the pulse centered on ω. Regardless the final channel,
single or double ionized continua, one can use the first-
order TDPT expressions to exactly write the one-photon
absorption amplitudes as a product of the dipole matrix
element from the initial to the final state and a ”shape
function” which is merely the Fourier transform of the
pulsed radiation [20, 27]. An equivalent treatment is here
used for the two-photon absorption. Although the fac-
torability of the transition amplitude is no longer strictly
exact, it remains valid in the absence of resonant states
with the one-photon transition [21].
The generalized cross section differential in both angle

and electron ejection for a two-photon absorption process
is defined as the transition rate Mif from an initial state
i to a final state f , which is given by the Fermi’s golden
rule, divided by the photon flux. In the length gauge, the
differential cross section is written as

∂σ

∂Ω∂Ef
1 ∂E

f
2

=
8π2k1k2(ωfi/2)

2

c2
|Mif |

2 (11)

where the transition rate involves a summation over all
the eigenstates of the target:

Mif =
∑

m

〈Φ−

f |ǫ · p|Φm〉〈Φm|ǫ · p|Φi〉. (12)

Furthermore, the integral of Eq. 11 over the directions of
the ejected electrons yields the single differential (energy
sharing) generalized cross section.
The two-photon absorption amplitude is written in

second-order TDPT as

C2ω =

(

−iαE0

em

)2

∑

m

〈Φ−

f |ǫ · p|Φm〉〈Φm|ǫ · p|Φi〉F
2ω(ω, ωfi, ωm, T )

(13)

where F 2ω is the Fourier transform of the pulse at each
transition, thus implying a double integral with an ex-
plicit m-state dependence. Nevertheless, we found that
this function can be reasonably approximated to an m-
independent analytical form, F(ω, ωfi, T ), which becomes
exact in the long time limit (T → ∞) provided no in-
termediate state resonances lie within the bandwidth
of the pulse (further details are given in [20]). Conse-
quently, this approximation allows for the factorability
of the time-dependent function in expression Eq. 13, and
allows us to rewrite the generalized two-photon double
ionization cross section as

dσ2ω

dE1dΩ1dΩ2
=

8π2k1k2(ωfi/2)
2

c2|E0|4
|C(k1,k2)|

2

|F(ω, ωfi, T )|2
, (14)

where the approximated double integral for the Fourier
transform gives what has previously been referred to as
the ”shape function”:

F(ω, ωfi, T ) =

6e−iT (2ω−ωfi)
(

eiT (2ω−ωfi) − 1
)

π4

(2ω − ωfi) [T 4(2ω − ωfi)4 − 20π2T 2(2ω − ωfi)2 + 64π2]
.

(15)

The sequential ionization process, in which one pho-
ton first ionizes the neutral target and the second photon
ionizes the ion, implies two separate transition rates, and
therefore is not appropriately described by a cross section
as in Eq. 11. In fact, this expression would become singu-
lar at the energies that are resonant with each ionization
threshold of the neutral. Nevertheless, the (generalized)
formulas given here are still well-defined and maintain
their connection to the non-sequential ionization thresh-
old where the two-photon cross section is physical be-
low these intermediate-state resonances. In addition, the
generalized cross sections continue to be proportional to
moduli-squared double ionization amplitudes in Eq. 14.
For convenience, we thus will use these expressions to de-
fine the cross section at any frequency to elucidate the
role of the pulse length and other pulse-dependent con-
sequences on the double ionization amplitudes.

D. Computational implementation

The valence and core electrons for beryllium in Eq. 3
are expressed radially in the orbital-DVR basis while the
angular coordinates of the valence electrons are expanded

in coupled spherical harmonics, YL,M
l1,l2

(r̂1, r̂2), best suited
for the spherical atomic symmetry. The first two finite
elements from the origin, with boundaries at 2.0 bohr
and 7.0 bohr are used to construct the atomic orbitals.
Beyond that, the radial coordinate of the the valence
electrons is described by the primitive FEM-DVR with
17th order in finite elements of length 8.0 bohr. The
initial bound state is found by diagonalizing the field-
free Hamiltonian on a grid with radial extent up to R =
44.0 bohr. The diagonalization is performed by using the
eigenvalue problem solvers implemented in the SLEPc
libraries [28, 29]. The time propagation of the pulse from
zero up to t = T proceeds on a larger radial grid up to
180.0 bohr. To solve the driven equation we use an ECS
contour rotated at R0 is 180.0 bohr with two additional
complex scaled elements appended with boundaries at
188.0 and 220.0 bohr. In comparison to helium, larger
grid extents are necessary to converge the generalized
cross sections, reflecting the lower ionization threshold
and larger 2s2 valence shell of beryllium. The TDSE
was solved using a Cranck-Nicholson propagation scheme
with time-steps in the range of 0.25-3 fs. For each time
step in the propagation, as well as for the driven equation
that defines the scattering function, we solve a system of
linear equations using the Krylov solvers implemented
in the PETSc libraries [30]. The pulses here employed
have an intensity of 1012 W/cm2, which is low enough to
ensure the suitability of the TDPT expressions.
In comparison to our previous time-dependent treat-

ment of the single photon double ionization of beryl-
lium, the number of one-electron angular terms that must
be included is much larger. The generalized TDCS ap-
peared converged with up to lmax = 11 used for each
electron, substantially larger than one-photon beryllium
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double ionization and the two-photon double ionization
of helium. This reflects the larger contribution of angu-
lar correlation in beryllium compared to helium and the
accessibility of higher individual electron partial waves
as more photons are absorbed. However, the total angu-
lar momentum transition from the similarly described 1S
ground state symmetry for both helium and beryllium is
the same; two-photon absorption places the ionized wave
function in the 1S and 1D continua in the dipole approx-
imation.

III. TWO-PHOTON DOUBLE IONIZATION OF

BE

In what follows, we compute energy and angular dif-
ferential generalized cross sections for two-photon double
ionization of the outer shell in Be. We compare these re-
sults with the trends and behavior observed for the same
processes in the helium atom (more specifically those in
[7] and references therein), in order to explore the role
of the ”spectator” 1s2 core and the relevance of the dif-
ferent electron correlation terms in the double ionization
process. Moreover, we carry out calculations with dif-
ferent pulse lengths to elucidate the intrinsic time scales
associated with the signatures of the sequential electron
ejection.
The first part of the present section is devoted to intro-

duce the energy diagrams of Be and analyze the energy
differential cross sections for different pulse durations.
The energetics associated to the 2s electrons in the pres-
ence of the 1s2 core differs significantly from the 1s elec-
trons in helium, consequently modifying the profiles in
the cross sections differential in the electron energies.
In the second part of this section, we discuss the role

and signature of electron correlation, which clearly mani-
fests in the angular distributions as demonstrated in [21],
i.e. in the generalized cross sections differential in the an-
gle of electron ejection for a given energy.

A. Generalized cross sections versus energy sharing

The energy diagram of beryllium is shown in Fig. 1.
From the ground state energy of E0 = −27.42 eV of
the 2s2 valence electrons calculated for Be, two-photon
double ionization is accessible for photon energies of
~ω = 13.71 eV. In contrast with helium, the energy range
to observe a pure non-sequential (direct) double ioniza-
tion by two photons of beryllium is very small. In fact,
for energies of 14.14 eV, it is already possible to eject
both electrons into the continua by first ejecting an elec-
tron from the neutral atom and leaving the ion in its
excited state ([1s2]2p 2Po). Therefore, there is a narrow
window of 0.45 eV (14.14-13.71 eV) were direct double
ionization will take place alone. This implies that the
large bandwidths associated to ultrashort pulses (for in-
stance, a pulse length of T=1 fs has a full-width at half

maximum in energy of ≃ 6 eV) will always capture both
the direct and the sequential components for two-photon
double ionization. We omit any discussion of total ion-
ization cross sections, because they are only well-defined
in this very narrow non-sequential region. This is not the
case for helium atom, where there is an energy difference
of ≃15 eV (54.4 - 39.5) eV, between the two-photon dou-
ble ionization potential at 39.5 and the 54.4 eV energy
at which the sequential process opens.
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FIG. 1: (Color online) Energy level diagram of the frozen-
core beryllium atom. The ground state energy of the valence
electrons is E0 = −27.42 eV. Non-sequential ionization (red
leftmost arrows) becomes the first pathway to the double con-
tinuum for ~ω = 13.71 eV photons. Sequential ionization via
the first energetically open channel occurs for photons with
energy above 14.14 eV and proceeds via the Be+(2p) inter-
mediate cation. For photons above 18.10 eV, the second se-
quential pathway is accessible via the Be+(2s) intermediate.
The central blue arrows and rightmost violet arrows indicate
the photon processes considered at two energies as described
below.

Another interesting difference with He is the fact that
sequential ionization of beryllium first proceeds through
an excited state of the ion, i.e., two-photon double ion-
ization through excitation-ionization opens at lower en-
ergies (at 14.14 eV) than two-photon double ionization
through the ground state of the ion (at 18.10 eV). The
opposite situation is found in He. We could then infer
that electron correlation is expected to be more meaning-
ful in beryllium relative to helium in the sequential re-
gion because the first photoabsorption must move both
electrons, one into the continuum and one into the ex-
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cited 2p orbital of the intermediate cation. Stated in an
alternative way, the correlating configuration 2p2 of neu-
tral beryllium represents a much more significant con-
tribution to the full configuration interaction expansion
of the wave function than it does in helium. Thus we
can anticipate the sequential ionization of beryllium will
reflect the importance of higher angular momenta corre-
lating configurations in the sequential region with those
processes identified by this intermediate state resonance.
The beryllium sequential ionization process that is more
comparable to the dominant sequential one for helium
becomes accessible at slightly higher photon energy. As
we previously commented, at ~ω = 18.1, the second se-
quential threshold becomes open and proceeds via the
intermediate that leaves remaining valence electron of
the cation Be+ in its ground state 2s configuration (see
Fig. 1).

We next explore the anticipated signatures of sequen-
tial double ionization in the singly differential (general-
ized) cross section (SDCS), which shows the variation of
the double ionization amplitudes with respect to the en-
ergy sharing between the two ionized electrons. Note that
we choose to plot the SDCS as a function of energy shar-
ing for a fixed total final energy (E = E1 + E2), instead
of fixing the energy of one of the electrons and plot the
SDCS as a function of the energy of the second one. The
latter would led to assymetric profiles, while we obtain
SDCS that are symmetric functions respect to 50% en-
ergy sharing, better reflecting the fact that both ejected
electrons are indistinguishable. Regardless of the atomic
target under study, for an infinite long pulse the sequen-
tial process is expected to manifest in the SDCS as sin-
gularities centered at the excess energies of each electron
[31]. When using finite pulses those peaks will broaden
together with the energy bandwidth of the pulse, and for
very short pulses the sequential peaks are observed to
completely wash out [1]. The disappearance of the se-
quential peaks can be related to the Fourier broadening
of the pulse or to the time required for the sequential pro-
cess to take place. Only a further analysis of the angular
distributions can confirm its origin.

In examining the SDCS we chose two different central
energies for the ultrashort pulses: i) 18.2 eV, for which
sequential ionization through the ground state of the ion
already opens (central blue arrows of Fig. 1) and ii) 24.8
eV, for which sequential ionization through the ground
and higher excited states of the ion are also open (right-
most violet arrows in Fig. 1). We investigate the effect of
modifying the pulse duration and discuss the time scales
observed with respect to the analogous study on helium.
Fig. 2 displays the two-photon generalized cross section
of beryllium (in units of cm4 s eV−1) extracted for a pulse
centered at ~ω = 18.2 eV, i.e. leaving a fixed excess total
energy of E = 9.0 eV for the electrons to carry away.
The lower x-axis is labeled with the energy sharing and
the corresponding absolute energy E1 of the electron is
shown on the upper x-axis.

The effect of increasing the pulse length results in an

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E

1
/E

0.01

0.1

1

ge
n.

 S
D

C
S 

(1
0-5

1  c
m

4  e
V

-1
 s

)

0.25 fs
0.5 fs
1.0 fs
2.0 fs
3.0 fs

0 1 2 3 4 5 6 7 8 9

E
1
 (eV)

0.01

0.1

1

ge
n.

 S
D

C
S 

(1
0-5

1  c
m

4  e
V

-1
 s

)

0.25 fs
0.5 fs
1.0 fs
2.0 fs
3.0 fs

ω=18.2 eV

E=9.0 eV

FIG. 2: (Color online) Generalized energy sharing cross sec-
tion (SDCS) for two-photon double ionization of Be with
~ω = 18.2 eV photons for various pulse durations. The excess
energy above the double ionization threshold is E = 9.0 eV. A
pair of sequential peaks near equal energy sharing E1/E = 0.5
via the excited Be+(2p) intermediate is unresolved by these
bandwidth-limited pulses. Longer pulses do begin to resolve
the signature of helium-like sequential ionization appearing at
extreme energy sharings.

increase of the magnitude of the ionization amplitudes,
as well as an enhanced resolution of the signatures of
the sequential process peaks. In principle, we would ex-
pect to observe two pairs of peaks [7], one pair associ-
ated with the sequential process via the Be+(2p) and the
other pair with the sequential process via the Be+(2s);
i.e, electrons ejected at E1 = E0− ǫ2p + ~ω=4.92 eV and
E2 = ǫ2p + ~ω = 4.06 eV for the first pair of peaks and
electrons ejected at E′

1 = E0 − ǫ2s + ~ω =8.88 eV and
E′

2 = ǫ2s + ~ω = 0.1 eV for the second pair. However,
these signatures actually appear smoothed out, since we
are using ultrashort pulses. Moreover, because the energy
level of the first energetically open excitation ionization
resonance via the Be+(2p) lies almost exactly halfway be-
tween the ground state energy E0 of the valence electrons
and the double ionization threshold, the pair of sequen-
tial ionization peaks that first appear corresponding to
energies E1 and E2 are separated by E0−2ǫ2p = 0.86 eV.
The consequences of this energy level spacing places the
pair of sequential peaks separated by less than 1 eV, a
spacing smaller than the energy bandwidth of the longest
few-femtosecond pulse considered here. In fact, the first
pair of expected peaks becomes a single central peak in
the SDCS in Fig. 2 because the broad energy bandwidth
of these ultrashort pulses does not resolve the 0.86 eV
energy gap (4.92-4.06 eV) between them. Only pulse
lengths of the order of tens of fs or larger would resolve
the double peak structure for the sequential process via
the Be+(2p). The Fourier broadening of the sequential
peaks for shorter pulses was demonstrated in helium [1].
The signature associated with the sequential ionization
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via the Be+(2s), on the other hand, appears in the edges
of the SDCS and is observed as ”wings” in the SDCS
in Fig. 2. Those wings are increasingly visible for the
longest pulses plotted, 2 and 3 fs and are unapparent in
shorter pulse lengths.

It is however noticeable that the signature for both
sequential processes, central peak and wings, is only dis-
tinct for durations above 1 fs. One could then ask if the
durations at which the peaks start to build up are asso-
ciated with the time needed for the sequential ejection
to take place (equivalently stated, to relaxation times for
the ion after the sudden removal of an electron) or are
they nothing more than the result of a spectral broaden-
ing effect.

A priori, an equivalent study for the helium atom
would be the absorption of two 58 eV photons (energy
right above the two-photon sequential threshold via the
ground state of the ion). In that case, we observed
that the sequential peaks started to show up at much
shorter pulse lengths, T≃300 as [1]. However, for He
the energy spacing between those sequential peaks is
E0 − 2ǫn=1(He

+) = 30 eV and, therefore, we can not
yet answer the question if the pulse length dependence is
related at all to any time scale due to the sequential ejec-
tion itself or to spectral phenomena. We thus compute
the SDCS for a higher photon energy, 24.8 eV, for which
electrons are ejected with a larger energy gap. Fig. 3
shows the SDCS for pulses with different lengths, all cen-
tered at ~ω = 24.8 eV, and leaving the outgoing electrons
with an excess total energy of E = 22.2 eV to share.
The features of sequential ionization associated with the
Be+(2p) and Be+(2s) intermediate states, both located
nearer to equal energy sharing appear more prominent
at shorter pulse lengths compared to the previous ex-
ample, as the spectral bandwidth of the pulses becomes
less encompassing of the total excess energy available to
share. In other words, the smaller energy gap between
the ejected electrons is the only reason why longer pulse
durations are required in Be than in He in order to un-
cover the sequential peaks for the double ionization of
the valence electrons.

In Fig. 3, we also observe that for this higher photon
energy new pathways for sequential ionization, via the
intermediate cation now leaving the bound electron in
Be+(n = 3) (levels also plotted in Fig. 1) are accessible
to be populated by the first photon. The signature of this
excitation ionization process becomes slightly observable
in the extreme energy sharing wings of the 3.0 fs pulse
of Fig. 3. This contribution, from the sequential pro-
cesses through higher ionization thresholds, is noticeably
lower than the signatures for the double ionization via
the Be+(2p) and Be+(2s).

A similar trend was found for helium atom, but for
the fact that it was only the sequential channel involving
the ground state He+(1s) the one that is around two
orders of magnitude more intense than sequential double
ionization through excitation ionization. In the present
work, we see that the relative magnitude of the first two
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FIG. 3: (Color online) Same as Fig. 2, but with ~ω = 24.8 eV
photons. The excess energy above the double ionization
threshold is E = 22.2 eV.

pairs of peaks are actually comparable, regardless the
photon energy investigated. As the contributions of those
energetically distant correlating configurations diminish
in relative importance, we expect more disparate ratios
in the relative sequential peak heights.

At this point, in order to elucidate how independent
each photoejection is for the different sequential processes
of beryllium, we consider a simple model employed in
previous works [1, 7] for the sequential process in he-
lium. Briefly, the amplitude for a two-photon transition
is simplified from the formal time-dependent perturba-
tion theory expression by assuming an uncorrelated final
state symmetrized product of Coulomb waves and ap-
proximating the intermediate state as a the product of
a bound state of the singly-ionized target and Coulomb
function of the residual singly-charged ion. A full deriva-
tion of the model can be found in Ref. [1], but the rel-
evant key finding from employing this model is that the
features of the energy sharing cross section can be pre-
dicted for the lowest accessible sequential peaks of he-
lium with surprising quantitative accuracy compared to
the full calculation. Adapting this sequential framework,
the SDCS for beryllium can be modeled as:

dσseq(T )

dE1
≈

(

32

T

)2
1

4π~

∣

∣

∣

∣

√

σBe+
2p (E2)σBe

2p (E1)G(α1,2p, T )

+
√

σBe+
2p (E1)σBe

2p (E2)G(α2,2p, T )

+

√

σBe+
2s (E2)σBe

2s (E1)G(α1,2s, T )

+

√

σBe+
2s (E1)σBe

2s (E2)G(α2,2s, T )

∣

∣

∣

∣

2

,

(16)
where G(αi,nT ) is the result of taking the rotating wave
approximation and integrating the interacting field over
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time,

G(α, T ) =
1

2

∫ T

0

dt′eiαt
′

F (t)×
1

2

∫ t′

0

dt′′e−iαt′′F (t)

(17)
and has a simple analytical form for sine-squared en-
velopes, G(t) = sin2(πt/T ). The excess energy terms are
given by αi,n = (E0+~ω−Ei−ǫn)/~ for the energy of ei-
ther outgoing electron Ei and the ionization threshold en-

ergy (n = 2s or 2p). Also, σBe(Ei) and σ
Be+(Ei) refer to

the single-photon photoionization cross sections of beryl-
lium or beryllium cation, respectively, with intermediate
states of Be+(2s) or Be+(2p). Each distinct photoion-
ization amplitude is being approximated as the modulus
square-root of the corresponding one-photon cross sec-
tion, and it includes four terms total: a pair of direct
and exchange terms for each of the 2p and 2s intermedi-
ate states of the Be cation, respectively.
This is a pure sequential model where we are neglect-

ing any correlation in the intermediate or final states.
In Fig. 4, we show the comparison of the model output
(dashed curves) with the full calculation (solid curves)
for 24.8 eV photons at the three longest pulse lengths
previously considered. The model does predict the pro-
files for the SDCS with good agreement compared to the
ab initio data for the position of the peaks and of the val-
leys resulting from the interference between terms com-
ing from the 2s and from the 2p transitions in Eq. 16. It
should be mention that the model presents a less quan-
titative consistency as the pulse length increases than
comparisons carried out for helium. For Be, the model
substantially underestimates the signal for the outer pair
of sequential peaks, which is most likely due to the ab-
sence of the phase information between the individual
photoionization events considered in this simple model,
which is sacrificed by the approximation of these ampli-
tudes backwards from their computed cross section val-
ues. This limitation is also suspected of slightly shifting
the model peak locations of the secondary peaks relative
to their anticipated values dictated by energy conserva-
tion. Despite the simplicity of the model, however, the
general features of the energy sharing cross section and
their behavior as the pulse length is increased are fairly
well represented.
In the following, we examine the angular distributions

for two-photon absorption. In contrast with helium, we
already expect to gain an insight into a unique sequential
process for the angular distributions near the sequential
peaks around equal energy sharing: for electrons ejected
with the same energy correlation effects would seem to be
most important but, given the energetics of Be, electrons
close to 50% energy sharing can be now ejected via a
sequential process where mostly independent photon ab-
sorptions produce the final state electrons, and therefore
less correlated between them might be expected. On the
other hand, for unequal energy sharing, and taking into
account the previous observations for helium, one can an-
ticipate that close to the sequential peaks structures we
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FIG. 4: Longer pulse duration results of Fig. 3 with ~ω =
24.8 eV photons (solid curves) along with sequential model
results from Eq. 16 (dashed curves).

will find more correlated angular distributions in Be than
in He, due to the population of different principal partial
waves by each photon compared to the dominant s to
p transitions of each photoabsorption that describes the
helium angular distributions well at its sequential peaks.

B. Angular distributions

We turn our attention to the (generalized) triply differ-
ential cross sections for two-photon double ionization of
beryllium. For better comparison, we present the results
normalized to their largest magnitude for each energy
sharing, recalling that the double ionization amplitudes
increase without bound as the pulse duration is length-
ened. We examine the relative angular distributions at
energy sharings of 30%, 50% and 90%, recalling that for
the two photon central frequencies previously considered,
18.2 and 24.8 eV, a sequential peak is always placed near
to one of these energy sharings.
Fig. 5 presents the angular distribution for double ion-

ization with two photons of energy 18.2 eV. The second
electron is plotted in the plane containing the first fixed
electron directed along the polarization direction (taken
to be the horizontal axis in the following figures). The
fixed electron carries away the energy sharing indicated
in each panel of the total E = 9.0 eV excess energy avail-
able. The pulse lengths in each panel range from 0.5 fs to
3.0 fs. Firstly, examination of the unequal energy sharing
panels, 30 and 90%, reveals a feature already exhibited in
helium: for the longer pulses, the secondary peaks nearer
to the fixed electron direction become more prominent,
providing evidence of a time scale where the second out-
going electron becomes less sensitive to the direction of
the first electron. In each energy sharing case, shorter
pulse lengths lead to more back-to-back dominance in the
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FIG. 5: (Color online) Angular distributions the second elec-
tron (θ2) of Be double ionization at 18.2 eV photons in the
plane containing the polarization direction (horizontal) and
the fixed electron along the polarization (θ1 = 0◦) carrying
the energy sharing indicated in each panel. Results have been
normalized to the largest magnitude cross section of the dif-
ferent pulse lengths for each energy sharing. The radius of
each circle (in units of 10−54 cm4 s eV−1 sr−2) are 17 at 30%,
47 at 50%, and 14 at 90%.

plotted electron angular distribution [1]. In other words,
while both processes, sequential and direct two-photon
ionization are open, the shorter the pulse, the larger the
relative contribution of the direct process. The panel
containing 90% energy sharing lying close to sequential
ionization peak via the Be+(2s) intermediate shows the
most change for longer pulses, as was demonstrated for
the analogous intermediate pathway process in helium.

For 50% energy sharing, we expect to be catching
the broadened sequential peaks via excitation ionization.
This is qualitatively distinct from He, where at equal en-
ergy sharing direct two-photon ionization dominates. In
the present case, we thus expect an uncorrelated angu-
lar distribution, i.e. a product of two independent s to
p transitions. However, the result at equal energy shar-
ing in the lower panel of Fig. 5 appears to be dominated
by back-to-back ejection regardless of the pulse length,
and exhibits no signature of sequential ionization previ-
ously seen for helium, despite the fact that the domi-
nant sequential peak via the Be+(2p) intermediate lies
on either side of this energy sharing midpoint less than
0.5 eV away. This distinction from sequential processes
in helium is believed to be related to the larger energy
separation between the sequential peaks from each other,
and from equal energy sharing. By comparison, the be-
havior of the helium energy sharing cross section region
near equal energy sharing has been viewed as the non-
sequential background upon which the sequential peaks
appear at their respective energies well separated from
the energy sharing midpoint. This non-sequential back-
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FIG. 6: (Color online) Same as Fig. 5, with the fixed electron
electron now directed at θ1 = 30◦ relative to the polarization
direction. The radius of each circle (in units of 10−54 cm4 s
eV−1 sr−2) are 11 at 30%, 47 at 50%, and 10 at 90%.

ground region shows relative little enhancement in helium
as the pulse length increases, in contrast to the sequen-
tial peaks which exhibit a growing singular nature as the
pulse duration becomes longer. The magnitude of the
TDCS at 50% energy sharing does show the expected en-
hancement for the sequential process evident in the SDCS
of Fig. 2. The radius of the equal energy sharing panel in
Fig. 5 is nearly three times larger than the other energy
sharing cases shown. Despite this increased magnitude
indicating the proximity to a sequential enhancement,
the angular distribution appears mostly non-sequential
and correlated in the vicinity of the sequential peaks near
equal energy sharing. Fig. 6 illustrates the same behav-
ior for this photon energy with a different direction of
the fixed electron, now aimed at θ1 = 30◦ from the po-
larization direction. As before, more modification of the
angular distribution is evident at unequal energy shar-
ing as the pulse length is increased, the largest change
occurring again at 90% energy sharing near the helium-
like sequential peak. At E1/E = 50% in the lower panel,
the angular distribution again appears dominated by the
correlated dynamics of equal energy sharing and much
less sensitive to the pulse duration as compared to the
asymmetric energy sharings. Again, the signature of this
sequential process is an increase in the magnitude of the
cross section by a factor of over 4 compared to the 30%
and 90% panels of Fig. 6. The unique case of a sequential
process enhancement that produces angular distributions
that appear much more correlated as a consequence of
lying near equal energy sharing truly distinguishes two-
photon ionization of beryllium from helium.

Examining the angular distributions at the higher pho-
ton energy ~ω = 24.8 eV corresponding to the SDCS of
Fig. 3 further illustrates the distinct consequences of the
location of the sequential peaks near or far from equal
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energy sharing. Fig. 7 and Fig. 8 display the two-photon
cross section at the higher photon energy for the same
energy sharing percentages as presented above, and for
the same fixed electron direction relative to the polar-
ization, respectively. These results indicate again that
for the large sequential peaks at 30% energy sharing via
the Be+(2s) intermediate, the relative angular distribu-
tions are more sensitive to the pulse length. Since the
symmetry of this transition is helium-like, a similar en-
hancement of the cross section with pulse duration is
observed. This was previously modeled simply as the
product of two dipole terms using the same unscreened
independent-particle final state approximation used to
derive Eq. 16. The predicted behavior of this product of
s to p transitions is

dσseq(T )

dE1dΩ1dΩ2
≈

(

32

T

)2
1

4π~

(

3

4π

)2

cos2(θ1) cos
2(θ2)

×

∣

∣

∣

∣

√

σHe+(E2)σHe(E1)G(α1, T )

+

√

σHe+(E1)σHe(E2)G(α2, T )

∣

∣

∣

∣

2

,

(18)
and for the primary sequential peaks in helium illustrates
the same behavior with pulse length seen in Fig. 7 at 30%
energy sharing where the sequential peak in beryllium
is similar in its intermediate channel. This behavior is
also observed at 90% energy sharing for beryllium, but
features an enhancement more favoring the ejected elec-
tron direction along the polarization for longer pulses,
where again, interference terms between the Be+(n = 3)
not accounted for in the expanded simple model anal-
ogous to Eq. 18 are unaccounted for, but whose overall
shape for longer pulses demonstrates the same behavior.
However, the TDCS is substantially smaller in magnitude
compared to the less extreme energy sharings, owing to
this process again representing an excitation-ionization
to higher principal n = 3 state of the intermediate cation.
The unequal energy sharing upper panels of Fig. 8 in
particular also provide a slight contrast to the helium
case where the importance of higher angular momen-
tum terms that contribute more strongly for beryllium
than for helium sequential ionization convergence result
in slightly more distorted lobes than the simple product-
dipole patters of helium for this photoejection direction.

As was the case for the lower photon energy consid-
ered, it is the overlapping sequential peaks near equal
energy sharing that show an enhancement in the mag-
nitude of the generalized cross section but demonstrate
a correlated back-to-back angular distribution in Fig. 7
and Fig. 8 at even the longer pulse durations considered.
Again, the energetic symmetry of the exiting electrons
produces angular patterns that appear highly correlated
and insensitive to the pulse duration, indicating that the
consequence of the sequential ionization producing pho-
toelectrons with nearly the same kinetic energy renders
an independent particle model unable to accurately rep-
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FIG. 7: (Color online) Same as Fig. 5, for double ionization
with 24.8 eV photons with the fixed electron electron directed
at θ1 = 0◦ relative to the polarization direction. The radius
of each circle (in units of 10−55 cm4 s eV−1 sr−2) are 45 at
30%, 200 at 50%, and 2 at 90%.

0.5 fs
1.0 fs
2.0 fs
3.0 fs

ω=24.8eV
E=22.2eV
θ

1
=30

o

E
1
=30%

E
1
=50%

E
1
=90%

FIG. 8: (Color online) Same as Fig. 7, with the fixed electron
electron now directed at θ1 = 30◦ relative to the polarization
direction. The radius of each circle (in units of 10−55 cm4 s
eV−1 sr−2) are 34 at 30%, 140 at 50%, and 1.6 at 90%.

resent what final-state correlation requires when the elec-
trons move with nearly the same kinetic energy in the
continuum. The resulting angular distributions in these
cases appear to bear the signature of direct ionization
sensitive to correlation in the final state rather than se-
quential ionizations which leave the electrons energeti-
cally distinct, as in the upper panels of Fig. 7 and Fig. 8.
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IV. CONCLUSION

We have presented energy and angle-differential theo-
retical results for double ionization of the valence elec-
trons of beryllium by two-photon absorption. The sym-
metry of the problem in beryllium bears much in com-
mon with helium, but we have found substantial differ-
ences in the behavior of the double ionization amplitudes
for sequential ionization via the first sequential thresh-
old. This is due to the mechanism proceeding via the
first excited state of the intermediate of the excited-state
cation Be+(2p), which bears less similarity to the ground
state intermediate He+(1s) encountered in helium se-
quential ionization. Further, in beryllium the energet-
ics of the process require that a sequential two-photon
ionization via this intermediate produces photoelectrons
with outgoing kinetic energies separated by less than
1 eV, and thus highly correlated in energy sharing. The
consequences of this imply that an independent particle
model to describe the angular distributions does not fully
capture the final-state dynamics that produces predom-
inantly back-to-back photoejection patterns reminiscent
of correlated processes such as single-photon double ion-
ization and non-sequential two-photon double ionization.
This is in stark contrast to helium where the sequential
process can be very well modeled by viewing the two-
photon absorption at the sequential peaks as the prod-
uct of two independent photoionization events because
the continuum electrons are well-separated in energy.
Though the first sequential threshold in beryllium is

distinct compared to helium in the intermediate cation

produced after the first photoabsorption, at slightly
higher photon energies the analogous process via the
ground state intermediate Be+(2s) opens, resulting in a
second pair of sequential peaks whose energy separation
is larger, and therefore less correlated in the final state.
Examination of the angular distributions corresponding
to this sequential process reveals much more commonal-
ity with the behavior of helium in two-photon ionization
at the sequential peak energy sharings. There, the pro-
cess of ionization does appear to be much better modeled
by two independent photoionization events as in Eq. 18.

The simple uncorrelated final state model employed
that better describes the helium-like transitions produc-
ing energetically distinct photoelectrons in two-photon
absorption also hints at the limitations that arise from ig-
noring the interference terms between two competing se-
quential ionization pathways, as evidenced in the energy-
sharing cross section of Fig. 4. While the model does
successfully predict the location and bandwidth-limited
spectral resolution of the sequential peaks fairly well,
for longer duration pulses this approximation qualita-
tively underestimates the double ionization amplitude
between the central and helium-like sequential peaks and
is much less quantitatively accurate at describing the rel-
ative peak heights than when applied to the simpler he-
lium atom. As the beryllium atom features substantially
more important contributions from the lower few corre-
lating configurations than does helium, the phase infor-
mation between sequential pathways must seemingly be
more important to retain in order to better model the ab
initio results.
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